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ABSTRACT 

In this review articel we study the gaugings of extended supergravity theo- 
ries in various space-time dimensions. These theories describe the low-energy 
hmit of non-trivial string compactifications. For each theory under considera- 
tion we review all possible gaugings that are compatible with supersymmetry. 
They are parameterized by the so-called embedding tensor which is a group 
theoretical object that has to satisfy certain representation constraints. This 
embedding tensor determines all couplings in the gauged theory that are nec- 
essary to preserve gauge invariance and supersymmetry. The concept of the 
embedding tensor and the general structure of the gauged supergravities are 
explained in detail. The methods are then applied to the half-maximal (A^ = 4) 
supergravities in d = 4 and d = 5 and to the maximal supergravities in d = 2 
and d = 7. Examples of particular gaugings are given. Whenever possible, the 
higher-dimensional origin of these theories is identified and it is shown how 
the compactification parameters like fluxes and torsion are contained in the 
embedding tensor. 
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Chapter 1 



Introduction 



1.1 String Theory and Supergravity 

One of the great challenges of modern physics is the unification of general relativ- 
ity and quantum field theory. On the one hand, the large scale structure of the 
universe is governed by gravitational interactions which are accurately described by 
Einstein's general relativity. On the other hand, quantum field theory is used to 
explain the fundamental interactions at small distances. In particular the so-called 
standard model of particle physics gives a description of the strong and electroweak 
interactions of all known elementary particles which has successfully passed many 
precision tests in collider experiments. However, this separation into large scale and 
small scale domains is not universally applicable. The early universe and black holes 
are examples of situations where a quantum theory of gravity is needed. The situ- 
ation is also unsatisfactory from a theoretical perspective since the basic concepts 
of general relativity (coordinate independence) and quantum theory (uncertainty 
relation) seem incompatible. That is why standard approaches to a quantum theory 
of gravity are hampered by divergences which prevent the theory from being pre- 
dictive. To avoid these problems a new theoretical framework is necessary and one 
of the few possible candidates is string theory PQ [21 E]- 

In string theory the fundamental object is no longer a point particle but a 
one-dimensional string which can move and vibrate in some target space, e.g. in 
Minkowski space. Elementary particles are identified as resonance modes of the 
string, most of which have excitation energies far above the energy scale one can 
presently probe in experiments. There is a fundamental constant of string theory 
that governs the scale of these massive string excitations. This constant can be 
expressed as a string tension (string energy per unit length), as a string length or 
directly as a mass, in which case it is typically of the order of the Planck mass. 
String theory has two main appealing features: Firstly, one of the massless string 
excitations is a spin 2 particle that can be identified with the graviton, i.e. with 
the exchange particle of the gravitational force that is necessary in every quantum 
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theory of gravity. Secondly, the theory can be formulated as a conformal field theory 
on the two-dimensional world-sheet which is swept out by the string while traversing 
the target space. For some examples of target spaces these conformal field theories 
are well understood quantum field theories. In this sense string theory provides a 
consistent framework of quantum gravity. However, the theory is even more ambi- 
tious, because in principle it aims to predict the complete particle spectrum and all 
interactions of nature, i.e. to provide a "theory of everything". 

There are different formulations of string theory which are related by duality 
transformations. All these formulations need a ten-dimensional target space in order 
to be consistent quantum theorie^. Since our observed world is four- dimensional 
one needs to assume that six of these dimensions are compactified, i.e. are rolled up 
to such a small size that they are practically unobservable. The number of consistent 
compactification schemes and thus of resulting four- dimensional effective theories is 
very large. At present, there is no criterion to single out one of these schemes as the 
one that is realized in nature. 

String theory on arbitrary curved target spaces is far from being fully understood. 
For many applications, however, one can restrict to the low-energy limit of string 
theory which is supergravity. As mentioned above string theory is formulated as a 
conformal field theory on the two-dimensional world-sheet. In contrast, supergravity 
is a field theory on the target space. Each massless string mode corresponds to a field 
in the supergravity, in particular the graviton corresponds to the metric. Therefore, 
supergravity includes general relativity. 

A crucial ingredient for string theory and supergravity is supersymmetry. Purely 
bosonic string theory suffers from various inconsistencies that are resolved in super- 
symmetric string theories. This symmetry relates bosons and fermions of a theory. 
Its presence leads to various cancellations in quantum corrections. Originally, su- 
persymmetry was introduced as a global symmetry in field theory [H [3] . When it 
is turned into a local symmetry, supergravity is obtained. The gauge field of local 
supersymmetry is the gravitino. It carries spin 3/2 and is the super-partner of the 
graviton, i.e. of the space-time metric. This approach to supergravity via the gauging 
of supersymmetry was found independently of string theory [HI 0, El E] and the rela- 
tion between these theories was only realized afterwards [TUIIII]. Also independently 
of string theory and supergravity the concept of supersymmetry is very important. 
One can, for example, cure some problems of the standard model (large radiative 
corrections to the Higgs boson mass, hierarchy problem) within a supersymmetric 
extension of the standard model, and it is hoped to discover supersymmetry at the 
next generation of particle colliders (LHC and ILC). This discovery would be im- 
portant from a string theory point of view because it would justify supersymmetry 
as one of its basic assumptions. 

Supergravity theories exist in all space-time dimensions d < 11 and can have 

^We are only considering supersymmetric string theories here and we neglect the subtlety that 
heterotic strings partially "live" in 26 space-time dimensions. 



2 



CHAPTER 1. INTRODUCTION 



different numbers of supersymmetry generators (for a review see e.g. [ISl [S] 
and references tfierein). Having several of tfiese generators means to have more 
independent supersymmetry transformations and more gravitini. One then speaks 
of extended supergravity. The maximal number of real supercharges is Q = 32, 
independent of the dimension d. The present article is devoted to the study of 
maximal {Q = 32) and half-maximal {Q = 16) supergravities and of their possible 
gaugings, as will be explained in the next section. Our analysis takes place at the 
level of classical field theory. The motivation for our considerations is always the 
string theory origin of these theories, and it is string theory that should provide the 
correct quantum description. 

1.2 Gauged supergravity theories 

String theory compactifications from D = 10 down to c? < 10 dimensions generi- 
cally yield at low energies gauged supergravity theories. For example, the isometry 
group of the internal {D — d) -dimensional manifold usually shows up within the 
gauge group of the effective d-dimensional theory. An ungauged effective theory is 
obtained from compactifications of IIA or IIB string theory if the internal manifold 
is locally flat, e.g. the ungauged maximal supergravities are obtained from torus 
reductions. Since we consider extended supergravities with a large number of su- 
percharges, these ungauged supergravities are unique as soon as the field content 
is specifieccl. Gaugings are the only known deformations of these theories that pre- 
serve supersymmetrjQ. Therefore, any more complicated compactification scheme 
that preserves a large number of supercharges {Q > 16) must yield a gauging of 
the respective ungauged theory. This fact is our motivation to construct all possi- 
ble gaugings that are compatible with supersymmetry. As soon as this is achieved 
the compactification parameters such as fluxes (i.e. background values for the field 
strengths of the D = 10 tensor gauge fields), torsion, number of branes, etc. must be 
contained in the parameters of the general gauging. These more general compacti- 
fication schemes are of great interest because for example fluxes may give vacuum 
expectation values to some of the numerous massless fields ("moduli") that gener- 
ically result from string theory compactifications. In the ground state one may in 
particular find supersymmetry breaking, a cosmological constant and masses for the 
scalar fields (for a review we refer to [E]). These are requirements for a phenomeno- 
logically viable effective theory. 

Gauging a theory means to turn a global symmetry into a local one. In other 
words, the symmetry parameters which were previously constant are allowed to have 
a space-time dependence in the gauged theory. As mentioned above supergravity 

^ For the maximal supergravities in d < 10 there is only one ungauged theory. The half-maximal 
supergravities are specified by the number of vector multiplets. 

^ The only known exceptions are the massive IIA supergravity [IS] and a massive deformation 
of the six-dimensional half-maximal supergravity [16j , see our comments in section 12.31 
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itself can be obtained by gauging global supersymmetry, but we are now considering 
the gauging of ordinary bosonic symmetries. In order to preserve gauge invariance 
one needs to minimally couple vector fields to the symmetry generators, i.e. to 
replace partial derivatives by covariant derivatives, schematically 



In addition to this replacement we will find various other couplings to be necessary 
in the gauged theory in order to preserve gauge invariance and supersymmetry. For 
extended supergravities the original global symmetry group is rather large and there 
are various choices of subgroups that can consistently be gauged. Gauge groups that 
result from flux compactifications of string theory are usually non-semi-simple, but 
rather have the form of semi-direct products of various Abelian and non-Abelian 
factors. 

In this work we study = 4 (half-maximal) supergravities in four dimensions, 
whose structure is fixed by the extended supersymmetry as soon as the number of 
vector multiplets is specified. String compactifications of phenomenological rele- 
vance are mostly those that yield N = 2 supersymmetry in d = 4, which is then 
spontaneously broken down to A^ = 1 and eventually to A^ = 0. For the A^ = 4 
theories supersymmetry can be spontaneously broken as well and the theories can 
also be truncated to theories with less supersymmetry. For example certain inter- 
esting A^ = 1 Kahler potentials can be computed from the A^ = 4 scalar potential 
[T8l fT9l l20l |2T] . In addition to these four-dimensional theories we study gaugings 
of extended (maximal and half-maximal) supergravities in various other space-time 
dimensions. These theories still have a string theory origin but are obviously less 
relevant from a phenomenological point of view. 

Nevertheless, there are good reasons to consider these extended supergravities. 
Many aspects of string compactifications are not yet fully understood and it is often 
useful to consider models that are more simple and more concise due to the rigid 
structure of extended supergravity. For example non-geometric string compactifi- 
cations can be better understood in such a restricted context ^21 [23, [21] ■ Also 
the mathematical structure of these theories is interesting on its own. Maximal 
supersymmetry completely determines the global symmetry group of the ungauged 
theory and exotic groups like the exceptional Lie groups E„ (and in d = 2 the infinite 
dimensional affine Lie group Eg) appear. These global symmetry groups not only 
organize the structure of the ungauged supergravity but also govern the possible 
gaugings. Lie groups and their representation theory are therefore the most im- 
portant mathematical tools in this article. In supergravities with less supercharges, 
group theory is still important, but much more differential geometry is necessary, for 
example in the description of the scalar manifolds. Nevertheless, the general lessons 
we learn from the extended supergravity theories (e.g. the form of the topological 
couplings, the possibility to derive duality equations from the Lagrangian, etc.) can 
also be applied to theories with less supersymmetry, see for example [25] for the 
d = 3 case. 



a, 
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A very different motivation to study maximal extended supergravities comes 
from the fact tfiat string tlieory on particular target spaces is believed to be dual to 
particular ordinary quantum field theories. The prime example of this holographic 
principle is the AdS / CFT correspondence that relates IIB string theory on an Anti- 
de Sitter background with four dimensional = 4 super- Yang-Mills theorjH [26|[27]. 
From a supergravity perspective the fluctuations around the AdS^ x background 
are described by to the S0(6) gauged maximal supergravity in d = 5, which is 
obtained by a sphere reduction from ten dimensions and has a stable AdS ground 
state [2H]- Although the supergravity limit only accounts for a small subset of string 
states, it can be a very fruitful first approach to test the duality conjecture. There 
are also more string backgrounds for which a holographic dual is conjectured, all of 
which correspond to gaugings of extended supergravities. 



1.3 Outline of the paper 

We wish to construct the most general gaugings of extended supergravity theories 
such that supersymmetry is preserved. To clarify the starting point of our construc- 
tion we first introduce the ungauged maximal and half-maximal supergravities in 
the next chapter. These theories are obtained from torus reductions of eleven- and 
ten-dimensional supergravity. The general method of gauging these theories is then 
presented in chapter [3l The gaugings are parameterized by an embedding tensor, 
which is a tensor under the respective global symmetry group and subject to certain 
group theoretical constraints. The method of the embedding tensor was first worked 
out for the three-dimensional maximal supergravities [221 EO] and subsequently ap- 
plied to extended supergravities in different dimensions [251 EH ESI EH]. We give a 
general account of this method and explain the tasks and problems that have to be 
solved in its application. In particular, we describe the generic form of the general 
gauged Lagrangian. 

The remaining chapters then demonstrate the implementation of this method to 
particular extended supergravities. The gaugings of four-dimensional half-maximal 
(A^ = 4) supergravities are discussed in chapter HI Since in d = 4 vector fields can be 
dualized to vector fields there are subtleties in the description of the general gauging. 
Already in the ungauged theory a symplectic frame needs to be chosen in order to 
give a Lagrangian formulation of the theory. The global symmetry group is therefore 
only realized onshell. These problems can be resolved. By using group theoretical 
methods we give a unified description of all known gaugings, in particular of those 
originating from flux compactifications. Also various new gaugings are found and 
we give the scalar potential and the Killing spinor equations for all of them, thus 
laying the cornerstone for a future analysis of these theories. Closely related to 
our elaboration of these d = 4 theories is the presentation of the gauged d = 5 

We always denote by N the number of supersymmetries, which is often referred to as Af. 
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half-maximal supergravities in chapter [5l We explicitly give the embedding of all 
five-dimensional gaugings into the four- dimensional ones, which corresponds to a 
torus reduction from d = 5 to d = 4. 

Chapter [6] is devoted to the study of maximal supergravity in d = 7. In this case 
two-forms are dual to three-forms and the gauged theory combines all of them in 
a tower of tensor gauge fields that transform under an intricate set of non-Abelian 
gauge transformations. In this way we can present the general gauged theory and 
its supersymmetry rules. We then discuss particular gaugings, for example we find 
the S0(5), CS0(4, 1) and S0(4) gaugings that originate from (warped) sphere re- 
ductions from D = 11, IIA and IIB supergravity, respectively. In particular, the 
SO (4) gauging had not been worked out previously and gives rise to an important 
setup for holography. 

Finally, in chapter [7] we apply the methods to study gaugings of d = 2 maximal 
supergravity. The global symmetry group in (i = 2 is the affine Lie group £9(9) 
which in contrast to higher dimensions is infinite dimensional. This results in various 
technical and conceptual difficulties that have to be resolved in the description of 
these gaugings. The parameters of the general gauging organize into one single 
tensor that transforms in the unique infinite dimensional level one representation 
of £9(9). In terms of this tensor the bosonic Lagrangian of the general gauging is 
given (except for the scalar potential) and it is shown how the gaugings of the higher 
dimensional maximal supergravities are incorporated in this tensor. We also find the 
SO (9) gauging that originates from a warped sphere reduction of IIA supergravity. 

Some of the results presented here were already published previously [Ml ES] • 



6 



Chapter 2 



Supergravity theories from 
dimensional reduction 



In this chapter we explain how the maximal and half-maximal supergravities in 
dimension d are obtained from the unique D = 11 supergravity and the minimal 
D = 10 supergravity via dimensional reduction on a torus T'^, q = D — d. For 
simplicity we only consider bosonic fields and we focus our attention on how the 
respective global symmetry groups Go of the lower dimensional theories emerge. 
There is a vast literature dealing with the issues that are discussed in this chapter, 
and we do not try to give a comprehensive reference list here. Overview articles 
for the supergravity theories are for example [SUl [131 [E] and for the dimensional 
reduction of gravity and supergravity we refer to [33, EHl EHl 1^ - 



2.1 Torus reduction of pure gravity 

Let us first consider Einstein gravity on a D dimensional manifold M.d with coordi- 
nates , jl = . . . D — 1. The metric gj:iy has Lorentzian signature (—,+,+,...,-!-) 
and its dynamic is described by the Einstein-Hilbert action 

5eh = j d'^xCEH , jCeh = V^ {R^""^ + jCm) , (2.1) 

where g = det{gp_o), R^^^ is the curvature scalar of gf^c and Cm describes additional 
matter, i.e. in the case of pure gravity we have Cm = 0. The equations of motion 
are the Einstein equations 

Rf"^ -\Rg'^^ = G^^ = T^^ = ^(V^^m) .2.2) 

where Rj^^, Gjxi, and Tf^c are the Ricci, Einstein and energy-momentum tensor, re- 
spectively, and as usual indices are raised and lowered using the metric gf^c and the 
inverse metric g^^ . 
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We want to dimensionally reduce this theory on a torus down to d = D — q space- 
time dimensions, i.e. we demand the D-dimensional manifold to locally have the 
form A^£) = A^rf X T'^, with Ai^ being a d dimensional space-time manifold and T'^ 
being the g-dimensional torus. We introduce coordinates x'^ on Aid, p = . . . d — 1, 
and coordinates y"' on T"^, a = 1 . . . q, such that the metric on Mo can be written 
a£| 

= g^^ dxf" dx" + p^/" Mab W + ^Idx") {dy^ + Aldx"") (2.3) 

where g^y, A'^, p and Mat depend on x^ but not on y"-. The metric on A^^^ is g^^, and 
the are the n Kaluza-Klein vector fields. The metric on T'^ has been split into the 
dilaton p and the unimodular matrix Mab (i-e. det M = 1). From a (i-dimensional 
perspective these are q{q + l)/2 scalar fields. 

Plugging the Ansatz (12. 3p into the Einstein-Hilbert action (12. ip yields the effec- 
tive (i-dimensional action 

S'eflf = J d'^X £eff 

£eff = epi?^'^) - \ ep^+^/'' MabAl^A^^""" - \epii{M~^d^MM-^d^'M) 

+ '^-^^P~' {d,p){d^p) + epCy, , (2.4) 

where e = det g^^ and = 2d[^A'^^ are the Abelian field strengths of the 
vector fields. In order to find the usual Einstein-Hilbert term in the effective action 
one can perform a Weyl-rescaling of the metric, namely g^^i, i— > gf^i, = p^^g^iv with 
a = —2/{d — 2). Note that with a slight abuse of notation we now denote by gfj^^ 
the lower dimensional metric. The Weyl-rescaled effective Lagrangian reads 

Ces = eR^'^^ - lep^^'^'+^'^'^-^^^MabAl^A^^'' - \eii{M-^d^MM-^d^'M) 

+ - ^) e{p~'d,p){p~^d^p) + ep-^/(^-^)/:M . (2.5) 

In addition to the Einstein-Hilbert term we thus have kinetic terms for the Abelian 
vector fields and for the scalars. We did not immediately incorporate the Weyl- 
rescaling into the Ansatz (12.31) since in chapter [7] we will deal with c? = 2, in which 
case a Weyl-rescaling is not possible. We will then use the form (12. 4p of the effective 
action. 

^ In more geometric terms we only consider solutions to ()2.2p that possess q Killing vector fields 
S,a, a = which shall be linearly independent at every point x £ Md- In addition we demand 

the to be mutually commuting. As a consequence the manifold A^^i is a principal bundle with 
structure group U(l)'' and base manifold Aid and is therefore locally of the form Aiu = Aid x T''. 
One can then locally introduce coordinates {x^,y°') such that the Killing vector fields are given 
by = dx^ /dy"", see e.g. [37]. Note that the Lie derivative in the direction is then simply the 
partial derivative wrt y"" . 
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Let us now consider the symmetries of the effective actions (12 .4^ and (I2.5p . From 
the freedom of choosing arbitrary coordinate systems on there remains on 
the one hand the freedom to choose arbitrary coordinates on the space-time Aid- 
On the other hand for the internal manifold the only coordinate changes that are 
compatible with the torus Ansatz are arbitrary changes of the origin and global 
linear transformations of the internal coordinates, i.e. 

y'' ^ X'/^y' + L\x))A,\ (2.6) 

where A G R is a constant rescaling factor, A is a constant SL(g) matrix, and L G 
are x-dependent coordinate shifts. L°'{x) describes the U(l)'' gauge symmetries of 
the vector fields, i.e. Af, A"; + daL"-- X and A act on the d-dimensional fields as 

Al ^ A^Ab" , M ^ AMA^ , p ^ Xp . (2.7) 

These are global GL(g) = IV~ x SL(g) transformations. The vector fields transform 
in the vector representation of SL(g) while the scalars form an SL(g)/SO(g) coset. 
To make this coset structure more transparent it is convenient to introduce group 
valued representatives V G SL(g) via 

M = VV'^ . (2.8) 

For given M{x) the last equation only specifies V(x) up to arbitrary local SO(g) 
transformations from the right. The global SL(g) transformations act linearly on V 
from the left, i.e. V transforms as 

V^AVh{x), AGSL(g), h{x) e SO{q) . (2.9) 

The relation (12.81) between V and M is completely analogous to the relation between 
the vielbein and the space-time metric. This is not merely accidental: considering 
the reduction Ansatz (12. 3p for the vielbein and not for the metric, one finds V to 
be a component of the D-dimensional vielbein and the local SO(g) symmetry then 
descends from the local Lorentz symmetry of the flat vielbein indices. 

In order to express the kinetic term in the Lagrangian in terms of V one intro- 
duces the scalar currents 

P, + Q, = V-'d,v, P^,=P,, Ql = -Ql- (2.10) 

Note that Q/^ is so(g) valued, i.e. it takes values in the compact part of s/(g), while 
Pfj, takes values in the non-compact directions of sl{q). Using these currents the 
kinetic term for M can be written as 

/:kin = -\eti{M-^d^MM-^d^M) = -eii^P^P") . (2.11) 

To summarize, we found that dimensional reduction of pure gravity on a torus T'^ 
yields a (i-dimensional theory which describes gravity coupled to q Kaluza-Klein 
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vector A^, one dilaton p and scalars V that parameterize an SL(g)/SO(g) coset. 
The global symmetry group is GL(g) = 11+ x SL(g). 

We now consider the particular case of c? = 3. The Kaluza-Klein vector fields 
can then be dualized into scalars Aa via the duality equation 

p2+2/9 MabA^^" = e^'PdpAa , (2.12) 

where we use the covariant epsilon tensor, i.e. e^^^ = e^^. The integrability condition 
for (I2.12P is given by the vector fields equation of motion 

d.iep'^'^'^ MabA'^^n = ■ (2.13) 

Note that fl2.12p defines the scalars Aa up to global shifts Aa ^— Aa + When 
formulating the theory without vector fields, i.e. entirely in terms of the metric 
and scalars, these shift symmetries become global symmetries, i.e. one expects 
GL(g) K R"^ as global symmetry group. But a miraculous symmetry enhancement 
takes place and the complete global symmetry group turns out to be Gq = SL(g+ 1). 
Figure 12.11 shows the branching of the Lie algebra of SL(g + 1) under GL(g) = 
IV~ X SL(g). For the resulting representations the dimensions are given as bold 
numbers and the subscripts denote the charges under IV~. The expected symmetry 
generators are Iq (the generator of R"*"), s[(g)o and qi (the generators of the shift- 
symmetries Kq). The symmetry enhancement yields the additional generators q„^, 
i.e. precisely those generators dual to the shift symmetries (in the supergravity 
discussion we will find this to be a universal feature). 



qi 



lo sl(g)c 



q-1 

Figure 2.1: Decomposition of s(((7 + 1) under 11+ x SL((7). The subscripts denote the R"'" 
charges which establish the vertical grading. At level one finds the algebra of IR"*" x SL(g) 
while level 1 and —1 contain an SL(g) vector and a dual vector, respectively. 



We now want to make the SL(g + 1) symmetry explicit. The scalars p, Aa and V 
form an SL(g + 1)/S0(g + 1) coset, the appropriate coset representative is defined 
as follows 



p-'Aa plZ-^V 

Using the scalar current of V, defined analogously to (12.101) . the effective action 
takes the following compact form 

Ce{i,d=3 = e R^'^ - e ii{P,,P^) + ep-^CM • (2.15) 
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The resulting equations of motion for Aa are the integrabihty equations needed to 
reintroduce the vector fields via the duality equation fl2.12p . and by virtue of 
these duality equations all other equations of motion become equivalent to those 
derived from the previous Lagrangian fl2.5l) . 

The SL(g+ 1) acts on V from the left, analogous to f l2.9p . the according SL(g+ 1) 
matrices read 

A(A,A)=(%'" . AW=(° °) , AM=(° ;°) , (2,16) 

The transformations A and A from (12. 7p correspond to A (A, A), the shift symmetries 
K act via A(k), and the symmetry enhancement is described by the additional SL(g+ 
1) elements A(r). Left action with A(r) on the coset representative V destroys the 
block-form fl2.14l) . and an appropriate SO(g + 1) action is necessary to restore this 
form. Therefore these new symmetry generators act highly nonlinear on the fields 
p, Aa and V. 

The pure gravity case we were just discussing already shows many universal 
features that we will re-encounter in the following sections. In particular it is char- 
acteristic for maximal and half-maximal supergravities that the scalars arrange in 
the coset Gq/H, where Go is the global symmetry group and H is its maximal com- 
pact subgroup. The formulation in terms of the coset representative V and the scalar 
currents and is used throughout the whole article. Also the emergence of an 
enhanced symmetry group of the lower dimensional theory after appropriate dualiza- 
tion of gauge fields is a characteristic that will reappear in the following supergravity 
discussion. In the pure gravity case only vector gauge fields appear in the lower- 
dimensional theory, but for the supergravities also higher rank p-form gauge fields 
are present and can be dualized. Symmetry enhancement always takes place when 
the higher dimensional p-form fields give rise to scalar fields in the lower-dimensional 
theory. We will make this explicit in the following section. 



2.2 Maximal supergravities from torus reductions 

The unique supergravity theory in D = 11 space-time dimensions contains as bosonic 
degrees of freedom the metric and a three-from gauge field C^£.p with field strength 
^fii>p\ = ^^Ifi'^upx] gauge symmetry SCi^op = ^d[pKp\- The bosonic part of the 
Lagrangian reads ^Ij 

Cd=u = (i? - ^ G.,^^ G(^'l>^ + ^ ^^f^^^^^^i G,,,, G^^^-) . (2.17) 

We dimensional reduce this theory on a torus T'^ down io d = 11 — q dimensions, 
i.e. we make the Ansatz fl2.3p for the metric and demand G/iPp to be constant along 
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the torus coordinates y", i.ell 

d 



Qya 



Cf,,p = (2.18) 



In d dimensions the three-form then yields q{q — l)(g — 2)/6 scalars Xlabc], <i{.1 — l)/2 
vector gauge fields -B^j^^, q two-form gauge fields -B^ia and one three- form gauge 
field B^^yp. The appropriate reduction Ansatz read^ 



Xabc "-^abc ; fiab A* ^ jlab ; 

where 

< = ^?.^^^?^"- (2-20) 
If we identify = [x'^, y"") we have dx^ jdx^ = 5^ and thus find 



^\ilb = ^^^a.b — A^^Cabc , 

^jiJa — C^i,a — '^A^[^Ci,^ab + ^^fi^vCabc , 

^t^p ~ C^ifp ~ '^^[fj,Cup\a + '^^[fj.^\,C p\ab — A'l^AlA'pCabc ■ (2.21) 

The appearance of the Kaluza-Klein vector field ensures that the forms B^^^ 
do not transform under the gauge (coordinate) transformations L'^{x) that were 
introduced in fl2.6p . The forms i?*^^-' and the scalars Xabc transform under the torus 
SL(g) according to their index structure and are also charged under torus rescalings 
A under which also _p transform according to (12.71) . The field strengths of the forms 

^ p.uab — '^'^[P^u\ab ' 
FaJpa = 3^[M^Sa + ^^\liuB^p\ab ' 



are defined b^ti 



FiZx = 4a[,5f;,] + QAl^B^ . (2.22) 



The appropriate gauge transformations of the forms B^'^^ that leave these field 
strengths invariant descend from those gauge transformations A^p of the D = 11 



^ The possibility to demand only the field strength to be constant along the internal coordinates 
means to allow for a flux of the gauge field along the internal manifold. These background fluxes 
yield gauged effective theories in d dimensions. 

^ Under the projection it : P M only vectors but not forms can be pushed forward. 

^ This definition of the field strengths is motivated by dimensional reduction of the field strength 
^/itpA- Analogously to (|2.2ip one has for example Pj^^J^^ = G^^pA + 4A|'^G^pA]a + ■ ■ •■ However, 
for Pj^Jg^}, this would yield the natural definition 29[^i3^|^j^ + A^^j^Xabc which we do not use since 
otherwise scalar fields would appear in the definition of a field strengths. 
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three-form that do not depend on the internal coordinates. But also a linear de- 
pendence of A/ip on the coordinates y"' can be consistent with the Ansatz (12.181) . as 
long as it does not depend on the space-time coordinates x'^. Of these additional 
symmetries we are interested in the particular case Aab = i^abcV'^, where Kabc has to 
be constant. These three-from gauge transformations yield a global shift symmetry 
of the scalar s Xabc, but also act on the forms B^^^ as follows 

^Xabc = l^abc i ^^\ilb ~ ~'^abc^1i , 

5B^;i = A\AlK,,, , 8B% = -A^AIa;^,,, . (2.23) 

This is a global symmetry of the effective d-dimensional theory whose Lagrangian 
reads 

£eff = eR + £gi + C'^l + C'^l + C'^l + ep-"'^'-^^ L^^a , (2.24) 
where we have kinetic terms for the gauge fields and scalars 

y-(3) _ _J_p „-l+6/(d-2) p(4) p{i)iivp\ 
-^kin 12 " ^ fiupX-^ ' 

_ _l„„^l+4/id-2)+2/qiyjabp{3) p(3)p,iyp 

4li = -iepi«/('^-2)/g (^^^ ^ 2p(2-'?)/9)M-M'^-^XcdaXe/6) AI.A'''^ 

= -\etT{M-'d,MM-'d^M) - j^^e{p-%p)ip-'d'^p) 

- \ep-^+^'^M''''M^''M'f{d,Xabc){d^^Xdef) , (2.25) 

and Cffa is a topological term that descends from the topological GGC-term in 
D = 11. The form of this term and also the further analysis depends on the 
particular dimensions d of the effective theory. In particular, the p-form gauge 
fields with field strengths F^p+^^ can be dualized into [d — p — 2)-form gauge 
fields with field strengths F^^~p~^\ The corresponding duality equation 

schematically reads 

pid-p-i) =p^M * + contributions from Cffa) , (2.26) 

where the asterisk denotes Hodge dualization and p^ M indicates that some appro- 
priate combination of scalars is needed such that F^^~p~^^ transforms dual to F^'p^^^ 
under GL(g). The duality equation is always such that the integrability equation 
is given by the equation of motion of the p-form. A Lagrange formulation of the 
theory can then be given that contains instead of B^^K The "standard" 

formulation of the d-dimensional supergravity is obtained if those p-forms are dual- 
ized for which d — p — 2 < p, i.e. the rank of the gauge fields is minimized. In even 
dimensions there are p-form fields with d — p — 2 = p. Thus there is some freedom 
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1+1 
lo 
1-1 



Figure 2.2: Global sym- 
metry in d = 8: decompo- 
sition of 5l(2) ©5l(3) under 
R+ X SL(3). 



4+1 

lo ^Wo 



4-1 

Figure 2.3: Global sym- 
metry in d = 7: decompo- 
sition of s[(5) under x 
SL(4). 



10+1 
'o 7ii5)'o 



10-1 

Figure 2.4: Global sym- 
metry in d = 6: decom- 
position of so(5,5) under 
R+ X SL(5). 



which of these p-form fields appear in the Lagrangian. For d = A this is the freedom 
of choosing a symplectic frame for the vector gauge fields {p = 1). 

We are particularly interested in the global onshell symmetry group of the effec- 
tive theory. From the torus reduction one expects an R"*" x SL(g) symmetry group, 
where the R"*" factor corresponds to torus rescalings A. For < 8 the scalars Xabc 
appear together with their shift symmetries fl2.23p . Since the Xabc are charged under 
torus rescalings A their shift-symmetries Kabc are as well, i.e. the action of Kaha does 
not commute with the action of A. In figures YI7I\ to 12.41 the symmetry generators for 
3 < d < 6 are depicted graphically. Again, the subscript at each generator denotes 
its charge under torus rescalings and the vertical grading of the generators corre- 
sponds to these charges. The generators of the torus transformations are uncharged 
under A and denoted by s[(g)o, the generator of the torus rescalings itself is denoted 
lo, and charge -|-1 is assigned to the shift symmetries Hahci thus they are denoted 
1+1, 4+1 etc. — the number in bold letters indicates their representation under 
SL(g). 

Similar to the above pure gravity case in d = 3 the symmetry group becomes 
miraculously enhanced. For each shift symmetry generator there also exists the dual 
generator with negative charge under A and in the dual representation of SL(g). The 
global symmetry group Go of maximal supergravity turns out to be SL(2) x SL(3) 
for d = 8, SL(5) for (i = 7 and S0(5, 5) for d = Q. To prove this one would have to 
show that the kinetic term of the scalars in (12.241) describes the sigma model of the 
scalar cosets Gq/H and that also the p-form gauge fields arrange in representations 
of Go (after dualization) such that the field equations are Go- invariant. In even 
dimensions there is the subtlety of self-duality, e.g. in d = 8 the three-form B^^^ 
forms an SL(2) doublet together with its dual three- form, thus the whole global 
symmetry Go is not realized at the level of the Lagrangian but only at the level of 
the field equations. 

For d < 5 additional scalars appear since according to (12.261) the forms B^'^^'^^ 
can be dualized into scalars. As in the pure gravity case in d = 3 these dual scalars 
also come equipped with a shift symmetry. In figures 12.51 to 12.71 the generators of 
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8+3 
28+2 



l'+2 

20+1 
lo 7i6)'o 
20_i 

1-2 



r+2 

lo 7(7)0 
35_i 

^2 



Figure 2.5: Global sym- 
metry in d = 5: decompo- 
sition of e(6) under 1R+ x 
SL(6). 



Figure 2.6: Global sym- 
metry in d = 4: decompo- 
sition of e(7) under 1R+ x 
SL(7). 



56+1 

lo 7(^0 
56_i 
28_2 

Figure 2.7: Global sym- 
metry in d = 3: decompo- 
sition of c(8) under x 
SL(8). 



these shift symmetries are denoted by I2, 72 and 282. As before we also have the 
shift symmetries Habc, denoted by 20+i, 30+i and 56+i in the figures. For d = 3 
also the Kaluza-Klein vector fields can be dualized into scalars according to fl2.12l) . 
Again, symmetry enhancement takes place, i.e. for each shift symmetry generator 
also the dual symmetry generator appears. This gives rise to the global symmetry 
group Go = E6{6) in d = 5, Go = ^7(7) in c? = 4, and Go = E8{8) in d = 3. 

For the case of = 2 we already mentioned that a Weyl-rescaling is not possible 
and thus the Lagrangian (12.241) is not the appropriate starting point for the analysis. 
Nevertheless, the above discussion of the field content is still applicable. From 
the three-form one only gets the scalars Xabc- The vectors and two-forms can be 
consistently set to zero due to their field equations. The shift symmetries of the 
scalars are denoted 84+i in figure 12. 8[ and again the corresponding dual symmetries 
84_i arise due to symmetry enhancement. However, in d = 2 scalars can be dualized 
to scalars and these new scalars can again be dualized, etc. This yields an infinite 
tower of new scalars and thus of new shift symmetries. Accordingly, as depicted 
in figure 12. 8[ an infinite symmetry enhancement takes place. The global symmetry 
group is Go = £9(9) which is the afiine extension of £3(8) [42j. Thus, in contrast 
to higher dimensions the on-shell symmetry group is infinite-dimensional in ci = 2. 
The symmetry algebra is an affine Lie algebra. 

To understand why the affine extension of the d = 3 symmetry group appears 
here we briefly consider the reduction of the d = 3 maximal supergravity on a 
torus (i.e. on a circle). This reduction yields the E8(8)/SL(16) coset of scalars in 
d = 2. Onshell the dual scalars can be introduced, which transform in the adjoint 
representation 248 of £§(8) ; these can be dualized again to find another 248 scalars, 
etc. This gives an infinite stack of dual scalars and shift symmetries. Symmetry 
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84+4 



84+2 

84+1 , 

'o B[(9)o lo e(8)o 

84_i 

84~^ 

80_3 
84_4 



248+1 



248_i 
248_2 



Figure 2.8: d = 2, decomposition of c(9) Figure 2.9: d = 2, decomposition of e(9) 

under SL(9). under ]R,+ x E8(8). 



enhancement yields also the dual symmetry generators, as shown in figure [231 From 
this figure it is quite intuitive that the loop group of E8(8) appears as symmetry group 
in d = 2. The loop group also becomes centrally extended to the affine extension 
E9(9) of E8(8). Note that in figure the charges that are indicated as subscripts 
correspond to the {d = 3 ^ d = 2) torus rescalings A. These torus rescalings 
correspond to the generator Lq of the Virasoro algebra associated to £9(9) . In chapter 
[7] we will come back to the d = 2 theories and also give the £9(9) symmetry action 
explicitly. We will then also relate figures 12.81 and 12.91 by explaining the appropriate 
embedding of the torus GL(9) into £9(9). 

In table EI] we summarize the symmetry groups Gq, the scalar cosets Gq/H 
and the representations of the p-form gauge fields for the maximal supergravities 
in 2 < d < 8. The global symmetry group in dimensions 2 < < 8 turns out to 
be Eg(q), where q = 11 — d is the dimension of the internal toru^. The Dynkin 
diagrams of the corresponding Lie algebras are depicted in figure I2.10[ Note that 
the standard notation for what we call E^, E^^ and E^ would be Ai x y42, ^4 and 
1)5, but it is obviously very convenient to depart from this in the present context. 

All maximal supergravities that are obtained from D = 11 supergravity are non- 
chiral, i.e. there is an equal number of left- and right-handed supercharges in their 
supersymmetry algebra. However, this distinction between left- and right-handed 
spinors only exists in = 10, = 6 and d = 2. In all other dimensions there are no 
Weyl-spinors and the maximal supergravities are unique, but also in d = 6 and d = 2 

^We use the common notation in denoting by Eg the complex Lie group (with rank q) and by 
Eq(q) the particular real form. The number in brackets indicates the difference between the number 
of compact and the number of non-compact generators of the real Lie algebra. Eq(q) is that real 
form with the maximal number of non-compact generators. 
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d 




}{ 




n = 2 






8 


SL(2) X SL(3) 


S0(2) X S0(3) 


(2,3) 


(1>3) 


(2,1) 


(1,3) (2,3) 


7 


SL(5) 


S0(5) 


10 


5 


5 


10 24 





h(J(5, 5) 


b(J(5) X bL)(5j 


16s 


10 


16c 


45 — 


5 


E6(6) 


USp(8) 


27 


27 


78 




4 


E7(7) 


SU(8) 


56 


133 






3 


E8(8) 


S0(16) 


248 








2 


E9(9) 


^(Eg) 











Table 2.1: For the maximal supergravities in d dimensions the symmetry group Go, its 
maximal compact subgroup H and the representations of the p-form gauge fields {p < 5) 
are listed. For d = 8 one also has a 6-form that transforms as (3, 1) © (1,8). We also 
listed those p-forms (in d = 2 scalars) that can be introduced onshell via dualization, i.e. 
not all of the above fields carry independent degrees of freedoms. 



d<8 ''d<7 -'d<6 '■'d<5 ^'d<A -'d<3 -'d<2 



Figure 2.10: Dynkin diagram of -En-d- For d = 8 only the three knots on the left are 
present. For every decrease in dimension one additional knot occurs, i.e. the rank increases 
by one. Eventually, for d = 2 one has 9 knots and the above Dynkin diagram describes 
an affine Lie algebra. 



only the non-chiral supergravities are of interest here, since for example in c? = 6 
the chiral theories do not contain the metric in their spectrum |3H1 HI]. However, 
in ten dimensions the chiral IIB supergravity is as important as the non-chiral IIA 
supergravity; each describes the low-energy limit of the corresponding string theory. 

The bosonic Lagrangian of the IIA theory is given by 02.241) for d = 10, the 
global symmetry group is only the IV~ that corresponds to the circle rescalings. 
Note that in this case B^^^f^ = and Xabc = 0, thus the bosonic field content consists 

of the dilaton p, one Kaluza-Klein vector A^, one two- form B^iJa (a = 1) and one 

(3) 

three-from BliJp — of course, the corresponding dual forms can also be introduced 
onshell. In contrast, the IIB supergravity possesses a global SL(2) symmetry and 
its bosonic field content consists of two scalars (the dilaton and the axion) that 
form an SL(2)/SO(2) coset, two two-form gauge fields that form a doublet under 
SL(2) and one self-dual four- form gauge field. We do not need the field equations 
of IIB supergravity here, but we want to mention that there is no complete Lorentz 
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invariant Lagrange formulation of the theory since the self-duahty condition of the 
four-form gauge fields always needs to be imposed as an extra constraint. 

The existence of IIB supergravity and its SL(2) symmetry help to explain the 
symmetry enhancement of the maximal lower dimensional supergravities, because 
all these theories can also be obtained from torus reduction of IIB supergravity. For 
d = 9 the symmetry group of the maximal supergravity is Gq = R"*" x SL(2) and there 
is no symmetry enhancements, yet. Reduction from D = 11 explains Gq as the sym- 
metry group of the internal torus T^, and reduction from IIB supergravity explains 
it as the product of the ten-dimensional SL(2) symmetry and the IV~ (rescaling) 
symmetry of the internal circle. But for d = 8 one expects an Ga = R'*' x SL(3) 
symmetry from reduction of D = 11, and an Gf, = IV~ x SL(2) x SL(2) symmetry 
from reduction of IIB. Neither Ga is a subgroup of G^ nor vice versa, but they 
are both contained in the complete global symmetry group Go = SL(2) x SL(3) and 
a careful analysis shows that Ga and Gb even generate this group. The analysis for 
dimensions d < 7 is analogous. 

So the miracle of symmetry enhancement is explained by the miracle of having 
different higher-dimensional ancestors for the same effective theory. From a string 
theory perspective this is the miracle of T-duality (T refers to torus) which states 
that IIA and IIB string theory are identical when compactified on a torus T^, i.e. 
when the target manifold is of the form Aid x 7"^. Being identical means that they 
are just two different formulations of the same theory, and this statements holds 
beyond the effective lower-dimensional supergravity, i.e. also for the whole tower of 
massive string states. However, when the whole string theory is considered it turns 
out that the symmetry group is no longer the real Lie group Eii-d{ii-d), but only 
its discrete subgroup Eii_rf(ii_rf)(Z), which is referred to as ^/-duality groups in a 
string theory contextl^. One should keep in mind the duality origin of these global 
symmetry groups, although here we will not pursue the string theory roots further. 



2.3 Half- maximal supergravities 

We now want to depict the ungauged half-maximal supergravities, i.e. those with 
Q = IQ real supercharges in their supersymmetry algebra. Again we restrict the 
discussion to the non-chiral supergravities, thus avoiding subtleties in d = 6 and 
d = 2 dimensions. Concerning the field content of half-maximal supergravity one 
does not have much freedom since the bosonic and fermionic states have to arrange 
in multiplets of the supersymmetry algebra. For the maximal Q = 32 theories there 
is only one possible multiplet, the Q = 32 gravity multiplet. For the half-maximal 

^ Note that the T-duaHty group 0(10 — d, 10 — d, Z) is a subgroup of Eii_£;(ii„£;')(Z). [/-duahty 
combines T-duaHty with the iS-duahty of IIB supergravity. From a low-energy perspective this S*- 
duaHty is just the SL(2) symmetry of IIB supergravity, which in string theory again is discretized 
to SL(2,Z). 
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theories there are two types of multiplets: the Q = 16 gravity and the Q = IQ vector 
muhiplet. One gravity multiplet is always needed since it contains the metric, but 
in addition there is the freedom of adding m G N vector multiplets. 

The supersymmetry structure is still very rigid for Q = 16. For the ungauged 
theory there is only one way to consistently couple the vector multiplets to the 
gravity multiplet, i.e. the ungauged theory is completely determined when one spec- 
ifies the dimension d and the number m of vector multiplets. In dimensions d ^ 6 
gaugings are the only known deformations of these half-maximal supergravities that 
are compatible with supersymmetry. For d = 6 one has the additional freedom to 
couple the vector fields to the two-form gauge field of the gravitational multiplet via 
Stiickelberg type couplings [16]. We will introduce these type of couplings also for 
the gauged theories in all dimensions d > 4, but the difference in ci = 6 is that it can 
be switched on in addition to the gauging or without a gauging. This is analogous 
to IIA maximal supergravity in d = 10, where also a massive deformation exists 
which is not a gauging [I5] . 

The Q = 16 supergravities in d dimensions can be obtained from torus reductions 
of Q = 16 (i.e. = 1) supergravity in ten dimensions. The Q = 16, d = 10 gravity 
multiplet contains as bosonic fields the metric, a scalar (j) called the dilaton and 
an antisymmetric two-form gauge field We label the vector multiplets by 

i = l,...,m. Each vector multiplet contains only one vector gauge field as 
bosonic degrees of freedom. The bosonic Lagrangian in the Einstein frame reads 
113 SSI HZ! 

Cn=io = v^{R-l{r%mr'd'^<p)-lr%upG^''''-l<i>~^^^^ , (2.27) 

where J-'^^ = 2d[^Al,^ and Qfj_^p = 3d[fj,B^p\ — A^^^F^^^ are the Abelian field strengths 
of the vector-and two-form gauge fields. This Lagrangian is invariant under SO(m) 
rotations on the vector fields and under rescahng (p ipcj), B^y ip^ B^^ and 
A^^ (f A^^, where ip G Thus the global symmetry group is Gq = R"*" x SO(m). 
On can deform the theory by gauging a subgroup of Gq, using the as gauge fields. 
A particularly important example is the case m = 496 and a subgroup Eg x Eg or 
SO (32) gauged. In these cases the appropriate deformation of the Lagrangian fl2.27p 
describes the low energy limit of type I and heterotic string theory. But we continue 
to consider the ungauged theory further. 

When compactifying to d = 10 — q dimensions the two form B^^,^ yields one two- 
form, q vector fields and q{q — l)/2 scalars in the effective theory, while the vector 
fields yield m vector fields and m ■ q scalars. In total one thus obtains n = m + q 
vector fields from the gauge fields of D = 10. For d > 4 this is also the number 
of vector multiplets one encounters in d dimension^. In other words, the Q = 16 
gravity multiplet in + 1 dimensions always decomposes into one gravity and one 
vector multiplet in d dimensions. For d = 3 an additional "vector-multiplet" appears 

A linear combination of the Kaluza-Klein vector fields from the metric and of the vector fields 
from the two-form make up the vector fields in the d dimensional Q = 16 gravity multiplet. 
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n 

11 


p — i 


71—9 


8 


]R+ X S0(2,n) 


S0(2) 


X SO(n) 
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1+1 


7 
( 


MX X 0U(^0, ) 


oKJyo ) 


X DyJyrij 
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-L+l 


6 


R+ X S0(4,n) 


S0(4) 


X SO(n) 


(4 + n)+i/2 


1+1 © 1-1 


5 


11+ X S0(5,n) 


S0(5) 


X SO(n) 


(5 + n)+i/2©l-i 


(5 + n)_i/2©l+i 


4 


SL(2) X S0(6,n) 


S0(6) 


X SO(n) 


(2,6 + n) 




3 


S0(8,n) 


S0(8) 


X SO(n) 







Table 2.2: For the d dimensional half- maximal supergravities coupled to n vector multi- 
plets the symmetry group Gq, its maximal compact subgroup H and the representations 
of the vector and two-form gauge fields are listed. The subscripts at the representations 
denote the R"*" charges. The {d — 2 — p)-forms always transform dual to the p-forms and 
the p = d — 2 forms always transform in the adjoint representation of Go- Note the re- 
spective dual forms can only be introduced onshell and only those fields that appear in 
the ungauged Lagrangian carry degrees of freedom. 



since the dilaton from the metric can be dualized into a vector field and we then 
have n = m + q + 1. 

The analysis of the symmetry group Gq of the effective theory is analogous 
to the discussion in the last section, i.e. whenever a new scalar field appears it 
comes equipped with a shift symmetry and there is a symmetry enhancement by 
the generators dual to these shift symmetries. This yields the global symmetry group 
Go = K-^ X SO(g, ra) for 5 < < 9. In d = 4 also the two-form can be dualized 
to a scalar and the symmetry group becomes enlarged to Go = SL(2) x SL{q,n). 
Similarly, for d = 3 the vector fields yield scalars via dualization such that the 
global symmetry group becomes Go = S0(8,n), and ior d = 2 the affine extension 
of the three-dimensional symmetry group is obtained. As in the maximal case it 
turns out that the scalars always form a scalar coset Gq/ H. The respective maximal 
subgroups H and the remaining bosonic fields are summarized in table 12. 2[ Note 
that one obtains only n > q (respectively n > q + 1 for d = 3) from torus reduction 
of D = 10, but there are dimensional theories for all numbers of vector multiplets 
n e N. 
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Chapter 3 



The general structure of gauged 
supergravity theories 



In this chapter we start with some supersymmetric theory with global symmetry 
group Go and ask for the possible gaugings of this theory that are compatible with 
supersymmetry, i.e. we demand the deformations of the theory not to break super- 
symmetry. Although the answer to this question needs a case by case study, there 
exists a general technique to parameterize the deformations via an embedding ten- 
sor 0, which is a tensor under the global symmetry group Go and has to satisfy 
certain group theoretical constraints. Every single gauging breaks the global sym- 
metry Gq down to a local gauge group G C Gq, but the set of all possible gaugings 
can be described in a Gq covariant way by using O. This embedding tensor and the 
constraints it has to satisfy are introduced in the following section for an arbitrary 
theory, and as far as possible we try to keep this generality in the remainder of this 
chapter. However, eventually we always specialize to the maximal and half-maximal 
supergravities that were introduced in the last chapter. 



3.1 The embedding tensor 

We start from an ungauged supersymmetric theory with global symmetry group 
Gq. The symmetry generators of the corresponding algebra go are denotes ta, a. — 
1, . . . , dim(go)- They obey 

[ta^tp] — fafft-y , (3-1) 

where /^^^ are the structure constants of Go. Gauging the theory means to turn 
part of this global symmetry into a local one. In order to preserve gauge invariance 
one needs to introduce minimal couplings of vector gauge fields, i.e. one replaces 
derivatives by covariant derivatives D^. The theory to start with contains vector 
fields that transform in some representation V (indicated by the index M) 
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of the global symmetry group Gq. These vector fields are U(l) gauge fields, i.e. 
they do not only transform under 0o-transformations L", but also under local gauge 
transformations A^(a;): 

= -L" t^^^' , 5a = 9,A^ . (3.2) 

In the covariant derivative of the gauged theory these vector fields need to be 
coupled to the Go symmetry generators t^, i.e. [29] 

D^ = d^ - gA'^Qu'^t^, (3.3) 

where Qm'^ is the so-called embedding tensor and G R is the gauge coupling 
constant, which could also be absorbed into 0m". The embedding tensor 6a/" 
has to be real and appears in (13. 3p as a map Q : V ^ Qq. The image of this map 
defines the gauge group G and the possible gauge transformations are parameterized 
by K.^^{x). For example, a field Bm in the dual representation V of the vector gauge 
fields transforms under G as 

5Bm = 9A'' e^v" taM"" Bp = gA'' X^^/ Bp . (3.4) 

Here we introduced the gauge group generators Xm = ^M^ta, which in the vector 
field representation Xmn^ = ^M^iaN^ take the role of generalized structure con- 
stants for the gauge group G. Note that Xmn^ contains the whole information on 
G if the vector field representation is faithful. The embedding tensor is not invariant 
under the global symmetry group Gq, but to ensure the closure of the gauge group 
and the gauge covariance of the following construction we demand 6 to be invariant 
under gauge transformations 5 = K^'^5m, i.e. 

SmQn'' = qQm" {tpN^' Op'^ - e^^) = . (3.5) 

Equivalently one can demand the generators Xmn^ to be gauge invariant, and the 
equation SmX^p^ = can be written as 

[XmiXn] = —Xmn^Xp . (3.6) 

This equation guarantees the closure of the gauge group and is the generalized Jacobi 
identity when evaluated in the vector field representation. Note that the generators 
Xmn^ are generically not antisymmetric in the first two indices, and equation (13.61) 
only demands this antisymmetry under projection with Xp, that is with Oa/". The 
two equivalent relations (13.51) and (13. 6p represent a quadratic constraint on 6. The 
embedding tensor has to satisfy this constraint in order to describe a valid gauging. 

In addition to this quadratic constraint a linear constraint on O is needed as well. 
Eventually, it is supersymmetry which demands this linear constraint, but we will 
see in section 13.21 that already the gauge invariance of the vector and tensor gauge 
field system yield at least parts of this linear constraint. The embedding tensor 
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transforms in the representation V ® Qq = 6i (B O2 (B ■ ■ ■ (B On, where 6i, i = 1, . . . ,n, 
are the irreducible components of the tensor product. The hnear constraint needs to 
be Go invariant. Thus, each irreducible component 6i is either completely forbidden 
by the linear constraint or not restricted at alQ, i.e. there is a subset S C {1, . . . ,n} 
such that the linear constraint reads 

ei = for allies . (3.7) 

This equation can be written as a projector equation PiB = 0, where Pi projects 
onto those representation in B that are forbidden. Similarly, the quadratic con- 
straint can be written as P2(0 ® 0) = 0, where P2 projects on the appropriate 
representation in the symmetric tensor product of V ^ Qq. One could also imagine 
higher order constraints like P3(0®O®0) = 0, but it turns out that the linear 
and quadratic constraint are sufficient for the construction of the gauged theories. 

For the maximal and half-maximal supergravities the global symmetry group Gq 
and the representation V of the vector fields were given in tables 12.11 and 12. 2[ For 
the known cases we collected the linear constraint in tables 13.11 and 13.21 For the 
maximal theories a similar table was given in [I8lll9]. For the odd dimensions, i.e. 
d = 3, d = 5 and d = 7, the maximal gauged theories were worked out explicitly 
[3m [33l , but via torus reduction one can infer the linear constraint for the even 
dimensions d > 4 as well — in appendix |X] this is explained in detail. By applying 
the methods of [HU] one can also describe explicitly the general gaugings of maximal 
d = 4 supergravity |32 |. The maximal theories for d = 8 and d = 6 were not yet 
worked out completeljo. The maximal d = 2 theory will be considered in chapter [71 
For the half-maximal theories we refer to [311 EHl [35] and to chapters HI and [5l 

It should be mentioned that table 13.11 and 13.21 refiect our present knowledge of 
the methods that can be used to work out the general gauged theories. It is not 
impossible that a weaker linear constraints might suffice, if new methods are applied 
in the future. In this respect the linear constraint is less robust than the quadratic 
one, which can immediately be traced back to gauge invariance and closure of the 
gauge group. 

We summarize this section. When describing the general gauging of a supersym- 
metric theory, the embedding tensor can be used to parameterize the gauging. 
Any that satisfies the appropriate linear constraint (13.71) and the quadratic con- 
straint (13. 5p describes a valid gauging and the construction of the gauged theory 

""^If two components 0i and 9j transform in the same Go representation, a linear constraint of the 
form 9i — aOj , a € IR, is possible as well. But one can then form a linear combination 6[ = 6i — aOj 
such that the linear constraint is again of the form 6[ = 0. This happens, for example, for the 
maximal d = 8 supergravities and for the half- maximal d = 5 supergravities, see table \3A\ and [3?2l 

^ For the d = 8 theories there is a classification of the gaugings that does not use the embedding 
tensor but the Bianchi classification of three-dimensional group manifolds [51j . In this classification 
the possible gaugings are parameterized by a 3 and a 8 of SL(3), which are only a subset of the 
complete embedding tensor. We would thus expect that there are more general gaugings of d = 8 
maximal supergravity. 
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a 




i-1 /<y-\ T / 

V 


= allowed 


© forbidden 




8 


SL(2) X SL(3) 


00® (2,3) 


= (2, 3) ©(2, 6) 


© (2,3)©(2,T5) 


©(4,3) 


7 


SL(5) 


24® 10 


= 15 © 40 


© 10 © 175 




6 


SO(5,5) 


45 O 16c 


= 144, 


© 16c © 560c 




5 


E6(6) 


78® 27 


= 351 


© 27 ©1728 




4 


E7(7) 


133 56 


= 912 


© 56 © 6480 




3 


E8(8) 


248 (g) 248 


= 1 © 3875 


© 248 © 27000 © 


30380 


2 


E9(9) 


00 ® basic 


= basic 


© rest 





Table 3.1: Decomposition of for the d dimensional maximal supergravities. The linear 
constraint only allows some of the irreducible components of G. For d = 8 we have 
5o = (3, 1) © (1, 8). For d = 2 the algebra is the affine extension of e8{8) and the vector 
fields transform in the unique level one representation, called the basic representation — 
see chapter [71 



only requires these constraints for consistency. When B is treated as a spurionic 
object, i.e. it transforms under the global symmetry group Go, one does formally 
preserve the Go symmetry in the gauged theory. This reflects the fact that the set 
of all possible gaugings is Go invariant. But as soon as a particular gauging is con- 
sidered, the embedding tensor that describes this gauging breaks the Go invariance 
down to the gauge group G C Go. 

3.2 Non-Abelian vector and tensor gauge fields 

In this section we mainly present the results of [52j on the general form of vec- 
tor/tensor gauge transformations in arbitrary space-time dimensions, but translated 
into a more convenient basis, see also the appendix of |34j . 

3.2.1 Gauge transformations and covariant field strengths 

First, we want to introduce the gauge transformations and covariant field strengths 
for the p-form gauge fields that appear in gauged supergravity theories. Explicitly 
we will give all formulas for rank p < 3, but in principle the construction can be 
continued to arbitrary rank. It will turn out that always the (p-l-l)-forms are needed 
to define a gauge invariant field strengths for the p-forms. In the next subsection 
we will explain how to truncate this tower of gauge fields to a finite subset without 
loosing gauge invariance. 

In the ungauged theory we have (at least onshell) vector gauge fields , two- 
form gauge fields B^^i^j, three form-gauge fields S^^, , etc., and all these fields come 
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d 



00 



V 



allowed 



forbidden 



lo © Bo) ® (ll ® °-l/2) = °-l/2 © Bl 

[(3,-)©(i,B)]© (2,n) =(2,n)©(2,H 



-1/2 



ll© D^i/s© B^^ 



-1/2 



B 



B 



m 



B 



Table 3.2: Decomposition of @ for the d dimensional half-maximal supergravities. The 
linear constraint only allows some of the irreducible components of 0. For d = 5 the global 
symmetry group Gq is IR+ x S0(5,n), and the 11+ charges are given as subscripts. For 
d = 4 and d = 3 we have Go = SL(2) x S0(6,n) and Go = S0(8, n), respectively, where 
n is the number of vector multiplets. The Yang-tableaus always refer to the respective 
SO-group. 



in possibly different representation of the global symmetry group Gq, indicated by 
the indices M, / and A. The Abelian field strengths of these tensor gauge fields 
take the form 

•^M^A = 4 di, 5^,] - c^/ (12 B[,^id,Ai\ + 8 dj^p Afi A^ d, A^) , (3.8) 

where djMN and cfj are some appropriate Go-invariant tensors. To ensure invariance 
under the Abelian gauge transformations these tensors have to satisfy 

di[MN] = 0, di(MNCp)=^- (3.9) 

The existence of diMN = dn^MN) means that the two-fold symmetric tensor product 
of the representation of the vector-fields A^^ contains the representation of the two- 
form fields Bfj^ui. Similarly, the existence of cj^ means that the representation of 
S^^p is contained in the tensor product of the representations of A^ and Bp_i,i. Using 
table [?!T] one can easily check that these conditions are satisfied for the maximal su- 
pergravities. The second equation in fl3.9p also holds since the three-fold symmetric 
tensor product of the vector field-representation never contains the representation 
of S^,,. 

We saw in chapter [2] that in dimensional reduction oi D = 11 supergravity 
additional terms Ad A, etc., appear naturally in the field strength of the higher rank 
tensor fields. From a lower dimensional perspective these terms are very important 
for anomaly cancellation, and therefore always present. Using the relations (13. 9p one 
can show that under arbitrary variations SAff , SB^j^^i and 5S^^ the field strengths 
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vary as 

3 9[^(A5,,] ,) + 6 diMN Tl;^ AA^f , 

4 %(A5,^.,]) - 6 4/ Ai?,,] , + 4 c^/ Tl,^, , (3.10) 
where we used the "covariant variations" 
AAf = , 

A^i., = 5^^., - 3c^/i?[,.,M;f - 2c^/ ^i.^pAjf . (3.11) 

These covariant variations are very useful since they allow to express gauge trans- 
formations and variations of gauge invariant objects in a manifestly covariant form, 
i.e. without explicit appearance of gauge fields. 

We now ask for the appropriate generalization of (13.81) in the gauged theory. 
The gauge group generators Xmn^ were already introduced in the last section, and 
according to equation (13. 6p they take the role of generalized structure constants. 
Therefore, it would be natural to define the non-Abelian field strength of the vector 
fields as 

= 2 + gX^p^ Al Al^ , (3.12) 

but under gauge transformations 5^*^ = D^Is}^ one finds this field strength to 
transform as 

5:F^ = 2D^A^ = 2D[^D,]A*^ = gJ^^^Xr.p'^A'' 

= -g A^ X;vP*' -F;. + 2gA'' X^^pf (3.13) 

where we used the Ricci identity [D^, D,^] = —gJ^^'^XM, which is valid due to the 
quadratic constraint, see also [33]. Here and in the following we use the covariant 
derivative as defined in (13.31) . In the second line of equation (13.131) the first term 
alone would describe the correct covariant transformation of the field strength, but 
there is an unwanted second term since the Xj^p^ are typically not antisymmetric 
in the first two indices. Thus the field strengths does not transform covariantly 
under gauge transformations. 

This problem arises because the dimension of the gauge group G can be smaller 
than the number of Abelian vector fields A^ , and thus not all vector fields are 
really needed as gauge fields. For any particular gauge group one could split the 
vector fields into the gauge fields and the remainder and treat them differently in 
the gauged theory. Those vector fields that are neither used as gauge fields for G 
nor are sterile under G have to be absorbed into massive two-forms. But an explicit 
split of the vector fields is not appropriate for our purposes since we search for a 



5 P. 



■0,M 



26 



CHAPTER 3. THE GENERAL STRUCTURE OF GAUGED SUPERGRAVITIES 



general formulation valid for all allowed embedding tensors. To solve this problem 
one introduces a covariant field strength of the vector fields that contains Stiickelberg 
type couplings to the two-form gauge fields, i.e. 

= 2 + gX^p^' Al + gZ'^'B,^: . (3.14) 

The tensor should be such that the unwanted terms in f l3.13p can be absorbed 
into an appropriate gauge transformation of the two-form gauge fields. Explicitly, 
6B^^j should contain a term (— 2 (i/^vp JF^) and we need 

X{MN)^ = dlMNZ^^ . (3.15) 

This equation implicitly defines Z^^ as a linear function of the embedding tensor, 
but it is also a linear constraint on G itself, since Xi^mn)^ not necessarily has the 
form f l3.15p . For example for the maximal supergravity in d = 7 this already yields 
the complete linear constraintEI. Note that the quadratic constraint (13.61) implies 

X(MN)^Xp = Q, thus Z^^Xm = 0. (3.16) 

Using this equation one can replace the field strength in the Ricci identity by 
the covariant derivative, i.e. we have 

[D^,D,] = -gn';!,XM . (3.17) 



Continuing the analysis to higher rank gauge fields one finds that, analogous to 
equation (13.151) . one needs a Stiickelberg type couplings to the three-forms in the 
field strength of the two-forms, and so on. Without explaining the details of the 
derivation we want to give the result. The tensor Yja that describes couplings to 
three-form gauge fields in the covariant derivative of the two-from gauge fields is 
given by 

Xm/ + "^djMN Z^'^ = cf/ Yja ■ (3.18) 

Again, this equation not only defines Yja but also is a linear constraint on B. Note 
that equation (I3.18P expresses the embedding tensor in terms of Z^"^ and Yja if the 
representation of the two-form gauge fields is faithful. From (I3.18P and (I3.16P we 
find the relation^ 

cif Yj,A Z^' - 2dKMN Z^'' = , Z^' YjA = 0. (3.19) 

■^Probably the same is true for all other dimensions d > 4, but we did not check this explicitly. 
However, the inverse statement, i.e. that the linear constraint on O implies equation p.lSp . can 
easily be checked for 7 > d > 4. The point is that the Gg-tensors Xi^mn)^ and Z^^ contain the 
allowed representations both only once (or not at all for the 15 in d = 7) and djMN is injective (as 
a map from Z*^ to X(j\,/jv)*)i thus equation (|3.15p only fixes the factor between these components 
of Xf^MN)^ and Z^^ . 

"^To derive the second of relation in p.l9p one starts from gauge invariancc of Z*^^, i.e. SmZ^'^^ = 
0, and then applies (|3.18|) and (|3.16p . 
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The covariant field strengths of respective gauge fields read 



A 



^jlpA = 4 D[p S^px] - Cm (s Bi^^j Hpi] - SgZ^-^ Bif^^jBpx] j + 8 djNP Af^ A^ dp A^ 

m. 

(3.20) 



+ 2 diNP XpQ^ Af/ A^ A^p j + four-form term. 



The general variations of these field strengths read 
57^;: = 2 Dy, (AA*f ) + g Z'" ABp^j , 
S Hp^pi = 3 D[^{AB,p] j) + 6 diMN nil, AAj + g Yia^S^ , 
8 = 4 DU^S^.x]) - 6 4i ^Bpx, I + 4 c^/ U^p^pi AA*f 

+ four-form term , (3.21) 

were we used the covariant variations defined in 03. lip . In terms of these covariant 
variations the gauge transformations are given by 

AB^„j = 2D[^Sj,]/ — 2diMN^^^'Hp^ — gYjA^^iy , 

^Sp^p = ^B>[p^^p] + 3 Sp]7- + cjj A*^ Hpypi + four-form gauge param. , 

(3.22) 

where K^'{x), T,pi{x) and ^pi^{x) are the gauge parameters. Plugging these gauge 
transformations into (13.211) one finds that the field strengths indeed transform co- 
variantly, i.e. that 

^T^ffu = ~9 ^Np'^ 'Hp^ , SHpupi = g h.^ Xmi^ Hpypi . (3.23) 

For the field strength Tipj^p^ of the three-forms we did not give the couplings to 
the four-form gauge fields, but only with these couplings and with the appropriate 
gauge transformations of the four-forms this field strength will transform covariantly. 
Similarly, without four-form fields the gauge transformations (13.221) do not close on 
Sp^,p, but only on A™ and Bp^. The corresponding algebra reads 

[^Ai,5a2] = (^a + + '^I- 

[fe„fe,] = 5#, (3.24) 



with 



A*^ = ^^X^p^Af^Aj , 

%i = djMN {A^'DpA^ - Al'DpA^) , 

^fiu = 2 c^^ djMP Ti.pi A^ , 

= gcf Z^'^'^'^ {E,pjE,,j - E,pjE,^j) . (3.25) 
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The quadratic constraint on B is crucial when checking these commutators. Finally, 
we also give the modified Bianchi identities for the covariant field strengths 

D[f, Hupx] / = I diMN Ti-fi^u T^px] + J9Y1A T-C^upx ■ {3.2Q) 
It is very convenient to use these identities when checking (13.231) and f l3.24p . 

3.2.2 Truncations of the tower of ^-form gauge fields 

In the last section we found the couplings to the {p + l)-forms necessary in the field 
strengths of the p-forms in order to ensure gauge invariance. We now ask how this 
infinite tower of p-form gauge fields can be truncated to a finite subsystem without 
loosing gauge invariance. The answer to this question comes from the fact that not 
all (p + l)-form gauge fields are really needed to make the field strength of the p-form 
gauge fields invariant. For example, in the field strengths of the vector fields A^^f 
the two- form fields B^,^! only enter projected with Z'^^ . A finite gauge invariant set 
of gauge fields is given by {Aff, Z^"B ^^i}. Indeed, due to (l3T9i) the three-forms 
S^^p drop out of the projected two-form field strength Z^^^ Ti^ypi. Using (13.181) one 
can write this result without any reference to the three- from representation as 

Z^^ {Xn/ + 2djNP Z^'^) = , thus {Aff, Z^^ B^^i} is closed. (3.27) 

This is the truncation scheme used for the d = 4 and d = 5 maximal and half- 
maximal supergravities, see for the maximal theories and chapter H] and 
[5] for the half-maximal ones. For the higher- dimensional supergravities one finds 
that the two-forms B^^^j appear already unprojected in the ungauged theory, thus 
a different truncation scheme is needed. 

The three forms only enter projected with Yja into the field strength of the two- 
form gauge fields. We find {Aff , B^^j, YjAS^^^p} to be a set of gauge fields that is 
closed under gauge transformations. The consistency condition for this is 

YiA {Xmb^ + cif Yjb) = , thus {Aff, B^,i, is closed. (3.28) 

This condition is satisfied due to the quadratic constraint on 0. To prove (I3.28P one 
starts with the gauge invariance of Yja, i.e. SmYia = and then applies equations 
dsn and dsn. 

For the d = 3 supergravities the vector fields are introduced as duals to the 
scalars, they thus transform in the adjoint representation, i.e. in this case we have 
vector fields A^, an embedding tensor 6q,^ and gauge group generators Xaj3^ = 
—Qafsj3^- In this case it turns out that no higher rank gauge fields are needed since 
the B-projected vector field A" Qi/ are closed under gauge transformations. The 
crucial relation for this is 

e^"^ = , thus A" is closed in = 3. (3.29) 
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d 


2 


3 


4 


5 


6 


7 


8 


Pmax 


0* 





1* 


1 


2* 


2 


3* 



Table 3.3: The highest rank Pmax of the tensor gauge fields that appears necessarily in the 
ungauged maximal supergravity in d space-time dimensions. Scalars correspond to p = 0, 
vector gauge fields to p = 1, etc. The asterisk indicates self-duality of the pmax-form fields. 



This condition is equivalent to the quadratic constraint in c? = 3 if the embedding 
tensor Qa/s is symmetric in a and The symmetry of Qap is always a consequence 
of the linear constraint in three-dimensions [301 EH [25] . 

It thus depends on the particular theory which of the truncation schemes f l3.27p . 
(13.281) or fl3.29p is used. In each case only the corresponding projected gauge trans- 
formations are present, i.e. only A^G^^ for d = 3 and in the higher dimensions 
{A*^, Z^^^S^/} or {A^"^, S^/, YjA^^„}- For the d = 8 maximal supergravity one 
also needs four-form fields and thus an even larger set of gauge transformations, but 
the corresponding field strengths and gauge transformations were not yet worked 
out in detail. 

For the maximal supergravities we list in table 13.31 the maximal rank Pmax of 
forms that appear in the ungauged theory, always referring to that formulation of 
the theory in which all forms have been dualized to smallest possible ranli§. In the 
gauged theory only the tensor gauge fields up to rank Pmax + 1 appear, and we saw 
in the above truncation schemes that these (pmax + l)-form gauge fields are only 
introduced projected with some tensor B, Z or Y, while all other gauge fields are 
introduced unprojectecill. Thus for 6 ^ these gauge fields decouple and only 
the field content of the ungauged theory is left. Note also that the covariant field 
strengths (13.201) become the ungauged field strengths (13.81) for 6 ^ 0. 



3.2.3 Topological terms in odd dimensions 

For all dimensions d > 4 the ungauged Lagrangian of maximal and half-maximal 
supergravity contains a topological term and in this section we give the appropriate 
generalization of this topological term in the gauged theory. For simplicity, we 
restrict to odd dimensions. We also include the case (i = 3 for which a topological 
term is present in the gauged theory but not in the ungauged one. It turns out that 

^The Cartan-Killing form was used to lower the index /3. 

^ Typically different formulations in terms of dual p- forms also exist, and onshell one can always 
introduce all forms up to rank d — 2 via dualization, see table 12.11 

^In even dimensions there are subtleties since typically only half of the pmax-form gauge fields 
appear in the ungauged Lagrangian. The others can only be introduced onshell in the ungauged 
theory. In the gauged theory they also appear in the Lagrangian, but like the (pmax + l)-forms 
only projected with some component of O. 
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gauge invariance already fixes the form of this term up to a factoil§. 

We gave the general variations of the field strengths in fl3.2ip . These variations 
have a much simpler form than the field strengths themselves, but we can infer the 
field strengths from their general variations via integration. The same is true for 
the topological terms. In the following we therefore start with the presentation of 
the general variation of the respective topological terms. We now go through the 
different cases. 

d=3 

For d = 3 we already explained that the vector fields A'^ come in the adjoint repre- 
sentation, i.e. we have to replace the indices M, N, etc. everywhere by indices a, /3, 
etc. The embedding tensor then reads Gq,^ and we can use the Cartan-Killing form 
to raise- and lower the algebra indices. The general variation of the topological term 
reads 

5Ctop,d=3 = e^"' ^af3 (SA'^^) T% + total derivatives . (3.30) 

This is the only possible Ansatz for the variation that yields covariant field equations. 
This Ansatz has to pass two consistency checks. Firstly, for gauge transformations 
bA^ = -D^A° this variation must yield a total derivative, which is true due to 
the Jacobi identity D^^JF"^] = 0. Secondly, the variation must integrate up to a 
Lagrangian £top,d=3- If the linear constraint Q[ai3] = and the quadratic constraint 
(13.61) are satisfied^ the variation indeed integrates up to the topological term 

Aop,d=3 = e^"' Qap Al {d,A^^ + I X^/ Al 4) . (3.31) 

This is the standard Chern-Simons term, but normally is the Cartan Killing 
form and X^^fp are the structure constants, which need not to be the case here. 

d=5 

In d = 5 the vector gauge fields are dual to the two-form gauge fields, i.e. they 
transform in the dual representations of Go- We then have the index structure 
B^uM, dMNP, 2'*^^, etc. The general variation of the topological term reads 

+ total derivatives . (3.32) 

® In even dimensions the topological terms alone are not gauge invariant, instead there is a 
subtle interplay between these terms and the kinetic terms of the gauge fields in the Lagrangian 

m- 

^The quadratic constraint yields that QapX^s^ is completely antisymmetric in a, 7, 6. 
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3.2. NON-ABELIAN VECTOR AND TENSOR GAUGE FIELDS 



The general Ansatz for 5i2top,d=5 contains the two given terms with an a priori 
arbitrary relative factor. This factor is fixed since the variation must yield a total 
derivative for gauge transformations fl3.22p . This can easily be checked by using 
(13.261) . However, the additional constraints cLmnp = di^MNP) and Z^'^''-^^^ = are 
needed. The complete symmetry of (Imnp is already necessary in the ungauged 
theory to write down the appropriate ungauged topological term. The antisymmetry 
of Z^'^ is a consequence of the linear constraint on 0. With these two conditions 
and the quadratic constraint on B one can show that the above variation can be 
integrated up. The topological Lagrangian reads 

- 2 g dMNP Z^^Bp^aAf [d, A^^ +\g Xns"" A^) 

- 2 g dMNP Xq/ A^ A« {d, A^^ +\g Xst"" Al) ' . 

(3.33) 

The first two terms already show that the symmetry oidMNP and the antisymmetry 
of Z^'^ are needed in order that the variation of the Lagrangian takes the above 
form. The first term already appears in the ungauged theory. 



d=7 

In d = 7 the two-form gauge fields are dual to three-form gauge fields and thus also 
transform in dual representations of Gq. We therefore have three-forms S"^^^ and 
tensors cj^^, Y/j, etc. The general variation of the topological term then reads 



+ 2c]^ (AAff ) n^pxiHarKj] + total derivatives . 

(3.34) 

This variation yields a total derivative under gauge transformations (13.221) and in- 
tegrates up to a Lagrangian £top,d=7 if ^[/j] = and c^^/^ = 0. For the maximal 
supergravities we give the complete topological term in chapter [HI Here we restrict 
to the leading terms 



top.rf=7 — — e 



c'/j Bp, I dp [d, Br. J + UjNP dr A'^) 

- I C'^ diMP djQR A« {d, A^) (drA^) 

+ h 9 Ymn D, S^r. + ■■■]■ (3.35) 



The terms missing are of order g^ or g"^, i.e. all terms of the ungauged theory are 
already given here. 
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3.3 Preserving supersymmetry 

In this section we assume that the Lagrangian and the supersymmetry rules of the 
ungauged theory are known and describe the modifications that have to be made 
in order to obtained the gauged theory. Note that minimal substitution alone, i.e. 
replacement of all derivatives (9^ by covariant derivatives Z)^, destroys gauge invar i- 
ance and supersymmetry. In the last section we already introduced the necessary 
covariant field strengths and covariant topological terms that have to be introduced 
in order to restore gauge invariance. In order to restore supersymmetry one intro- 
duces additional fermionic couplings and a scalar potential in the Lagrangian and 
also needs to modify the supersymmetry rules of the fermions (the Killing spinor 
equations). These changes will be explained in the next subsection. 

3.3.1 Additional terms in Lagrangian and supersymmetry 
variations 

We saw that the bosonic fields of the maximal and half-maximal supergravities 
transform in some representation of the global symmetry group Gq. In particular 
the scalars form the coset Gq/H that is described by a group element V subject to 
global Go transformations from the left and local H transformations from the right, 
i.e. it transforms as 

V^AVh{x), AeGo, h{x)eH. (3.36) 

See equation (12.91) for the SL(g)/SO(g) case, and the following chapters for further 
examples. This particular description of the scalars is necessary since the fermions 
also transform under local if-transformations, but not under Gq. Thus all couplings 
between p-form gauge fields and fermions have to be mediated by the scalar coset 
representative V. 

Let us first focus on the maximal supergravities, for which the group H coincides 
with the i?-symmetry group Hr. The latter is defined as the largest subgroup of 
the automorphism group of the supersymmetry algebra that commutes with Lorentz 
transformations, i.e. it acts only on the internal indices of the supersymmetry gener- 
ators (not on their spinor indices) and leaves the supersymmetry algebra invariant. 
Every component of a super-multiplet thus transforms in some representation of Hpt, 
in particular the fermions. The gravity multiplet of maximal supergravity contains 
the gravitini ip'^ and matter fermions x™"? where the indices a and m refer to some 
representation of H = H^. In table 13.41 we listed the i?-symmetry groups and the 
respective fermion representations for dimensions 3 < (i < 8. For the even dimen- 
sions there always appears a representation W together with its dual representation 
W , which means that the corresponding fermions can be described by one complex 
Weyl spinor with representation W (its complex conjugate then carries W). In odd 
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d 


spinor 
type 


Hr 


representation under Hr 

i^fi X 


little 


group 

X 


dof 


8 


M,W 


U(2) 


2©2 


2©2©4©4 


20 


4 


80 + 48 


7 


S 


USp(4) 


4 


16 


16 


4 


64 + 64 


6 


SMW 


Usp(4) X Usp(4) 


(4,1) ©(1,4) 


(4, 5) ©(5, 4) 


6 


4 


48 + 80 


5 


s 


Usp(8) 


8 


48 


4 


2 


32 + 96 


4 


M,W 


SU(8) 


8©8 


56 ©56 


1 


1 


16 + 112 


3 


M 


S0(16) 


16 


128 




1 


+ 128 



Table 3.4: For the maximal super gravities in d dimensions the /^-symmetry groups and 
the corresponding representations of the gravitini ip^ and the matter spinors x &re listed. 
In addition the degrees of freedom for each ip^ and x ^-^e given, which corresponds to 
giving the representation of these spinor under the respective little group SO{d — 2). The 
product of the dimensions of the Hr and S0{d — 2) representations yields the total degrees 
of freedom (dof) of ipf^ and x, which always sum up to 128. In the second column the spinor 
types in the respective dimension are given (M for Majorana, W for complex Weyl, S for 
symplectic Majorana and SMW for symplectic Majorana Weyl). Note that Hr coincides 
with (the complex covering group of) of table [2TT1 



dimensions one can always use (symplectic) Majorana spinors that obey a (pseudo) 
reality condition. 

The Lagrangian of the gauged theory schematically takes the form 

C = Cold D , J-'q ^ Ti] + Ctop + ^ferm.mass. + -^pot , 

where Co is the ungauged Lagrangian without topological term, but including fermi- 
ons. All derivatives in Cq have to be replaced by covariant derivatives and all inform 
field strengths have to be replaced by covariant ones. In addition one needs to add 
the respective gauge covariant topological term £top, fermionic mass terms >Cferm.mass 
and a scalar potential Cpot- In the last section we already gave £top, at least for 
the odd dimensions. By fermionic mass terms we mean all bilinear couplings of the 
fermions that do not involve p-form gauge fields or derivatives, i.e. schematically 

£ferm.mass = ^7 ^la' ^^b T^" + 9 A^J^ + 9 ^Sm" Xn X'" + h.C. , 

(3.38) 

where Ai, A2 and A3 are are some tensor that depend on scalar fields and linearly on 
the embedding tensor. More precisely Ai, A2 and ^3 are composed out of irreducible 
components of the T-tensor which we will introduce in the next subsection. Note 
that no couplings of the form fl3.38p are present in the ungauged theory. In the 
gauged theory these couplings are needed to cancel terms in the supersymmetry 
variations of the Lagrangian that come from the new gauge field couplings. But not 

34 



(3.37) 



CHAPTER 3. THE GENERAL STRUCTURE OF GAUGED SUPERGRAVITIES 



all these new terms in are canceled in this way. One also needs to change the Killing 
spinor equations as follow£^ 

5e if)'^^ = ungauged terms + g A^,"' e'' , 

4 X"' = ungauged terms + g A2a"' , (3.39) 

where is the parameter of supersymmetry transformations. Supersymmetry 

demands the same tensors Ai and A2 to appear here as in the Lagrangian. 

Plugging the variations (13.391) into (I3.38P yields order (7^ terms in the variations 
of the Lagrangian. In order to cancel those one needs a scalar potential of the form 

e-'Cpot = -g'V = 2/ {A,a'A,\-A2a"'A2''m) , (3.40) 

where the bar denotes complex conjugation. This is a scalar potential since Ai 
and A2 depend on the scalar fields. Note that we are not very explicit with our 
conventions here, but we assumed that complex conjugation lowers or highers the 
indices a and m. Of course, we will be much more concrete as soon as particular 
theories are discussed in the following chapters. Supersymmetry then demands a 
quadratic constraint on Ai and A2 of the formic [53] 

A, a" Ai", - A2a"' A2'm = ' ^ S^V , (3.41) 

2r 

where r = 5^ is the dimension of the gravitini representation. This constraint needs 
to be satisfied as a consequence of the quadratic constraint on 6. Equation fl3.4ip 
is sometimes denoted as generalized Ward identity for extended supergravity. 

According to table 13.41 the fermionic degrees of freedom of the maximal super- 
gravities add up to 128, and so do the bosonic degrees of freedom in the ungauged 
theory. In order to preserve supersymmetry, one is not allowed to alter the degrees 
of freedom. Nevertheless, as explained in the last section, additional (pmax + l)-forms 
are needed in the gauged theory to get a gauge invariant field strength of the Pmax- 
form£^. According to (13.371) these additional gauge fields do not get a kinetic term, 
but only appear via the Stiickelberg type couplings in the covariant field strengths 
and in the generalized topological term and therefore do not yield additional degrees 
of freedom. Their field equation will turn out to be a duality equation, which in 
odd dimensions relates the (pmax + l)-forms themselves to the pmax-forms. For even 

-"^"For example, if we (schematically) write the scalar kinetic terms as £ D (D^</))(Z?'^(/)) and the 
supersymmetry variations of the vector fields as S^Afj^ = eipfj^ + eT^X: we find in the variation of 
the Lagrangian terms of the form S^C D g{D^(f))Q{e'ip^ + eV^x)- Those get canceled by terms from 
p.38p since (5ei/;^ D D^j^e and S^x C f^^F^e, and by terms that follow when plugging p.39p into 
the kinetic terms of the fermions C D '^j^T^^p Dj^ipp + xPx- More details are given in the following 
chapters for the concrete theories. 

This equation is obtained by considering terms of the form g'^-ipf^T^e in the variation 5eC- 

"'^^And in even dimensions one also introduces those pmax-forms (i.e. in d = 4 vector fields) in 
the Lagrangian that are normally only introduces onshell via dualization. 
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d 


spinor 
type 


Hr 




under Hr 
X A 


under SO(n) 
i^fi X >- 


little 


group 
X A 


dof 


5 


S 


Usp(4) 


4 


4 4 


1 1 n 


4 


2 2 


16+8+8n 


4 


M,W 


U(4) 


404 


4©4 4©4 


1 1 n 


1 


1 1 


8+8+8n 


3 


M 


S0(8) 




— 8e 


1 — n 


no dof 


— 1 


0+0+8n 



Table 3.5: Analogous to table [331 but for the half-maximal supergravities in d = 3,4, 5 
dimensions. The i2-symmetry groups and the corresponding representations of the gravi- 
tini ip^ and of the matter spinors x A are given. While ip^ and x belong to the gravity 
multiplet, A belongs to the n vector multiplets and thus transforms under the SO(?i) that 
rotates these vector multiplets into each other. 



dimensions the construction is more subtle, for (i = 4 we again refer to [30] and to 
chapter HI 

The construction of the gauged theory given in equations fl3.37p to fl3.40p is not 
specific for the maximal supergravities. The only thing that changes for supergrav- 
ities with less supercharges is that additional fermions from other multiplets are 
present. For example, for the half-maximal theories one still has ip'^ and from 
the gravity multiplet, but in addition one has matter fermions from the n vector 
multiplets. The indices a, m and x again indicate that these fields come in some 
representation of H, but we now have H = Hr x SO(n), i.e. H is not identical 
with the i?-symmetry group, but contains it as a subgroup. The additional factor 
S0(?7,) refers to the transformations of the vector multiplets into each other, i.e. A^ 
transforms as a vector under SO(ra), while ip^ and ^-^'s singlets under SO(?t,). 
In table [3751 we summarize the representations of the fermions for the half-maximal 
theories in = 3, 4, 5@ 

In the gauged theory the supersymmetry rules for A have to be supplemented 
by a term g A2a^ e"" and the fermionic mass terms also contain all possible bilinear 
fermion coupling that contain A^, in particular a term (yfA2a^A^r'^'?/'°. Equation 
(13.411) then has to be modified as follows 

A.a" A,\ - A^r M^'m - ^a" M\ = - ^ , (3-42) 

and this equation again has to be a consequence of the quadratic constraint on 0. 



"'^^In section 12.31 we explained that from torus reduction of minimal supergravity in d = 10 
without vector multiplets one obtains the half-maximal theories in d — 3,4,5 with n — 8,6,5 
vector multiplets. According to table YT^ these theories all carry 64 fermionic degrees of freedom, 
i.e. half as much as the maximal theories. 
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3.3.2 The T-tensor 

In the last subsection we introduced tensors Ai, A2 and ^3 to write down gravi- 
tational mass terms for the fermions. These tensors transform under the maximal 
compact subgroup H of Go and have to be defined out of the embedding tensor 9 
which is a tensor under the global symmetry group Gq itself. The object that relates 
representations of Gq and H is the scalar coset representative V which according 
to (13.361) transforms under both groups. Since V is a group element of Go it has a 
natural action TZy on every Go representation. For example, if Go is some matrix 
group (i.e. SL(g), SO{q,p) or Sp(g)), then the natural action on a vector v is given 
by right multiplication, i.e. T^-vH = vV. 

When acting with V on the embedding tensor B one obtains the so-called T- 
tensor 

T = TZv [6] . (3.43) 

The T-tensor contains all the information on B, but it is scalar dependent and 
transforms under H, not under Gq. Every Go- irreducible component of B branches 
into one or more if- irreducible component of T, schematically 

e = 9i®92® ... ^ T= (tn © ti2 © . . .) © (t2i © t22 ©•••)©•• • • (3-44) 

The irreducible components tij of the T-tensor are used to build up the fermionic 
mass tensors Ai, A2 and A3. This has first been observed for the maximal d = 4 
supergravity [M]- When concrete examples are being discussed in the next chapters 
we will explicitly give the relations between B, T and the A's. 

In t able [XUl and 13 . 7l we list the irreducible components of the T-tensor and of the 
fermionic mass matrices for the maximal supergravities in dimensions 3 < d < 7. 
Comparing the two tables shows that every component of the T-tensor appears 
somewhere in Ai, A2 or ^3, i.e. all components are used in the fermionic couplings. 
This however is a special feature of the maximal supergravities. In general, not 
all components are used, as we will see for the half-maximal supergravities in the 
following chapters. 

The description of the T-tensors completes our general discussion of gauged su- 
pergravity theories. In this chapter we first introduced the embedding tensor B. 
This tensor parameterizes the minimal couplings of vector fields to symmetry gen- 
erators in the covariant derivative. We then showed which additional changes in the 
Lagrangian and in the supersymmetry rules are necessary in order to preserve gauge 
invariance and supersymmetry. All these couplings are parameterized in terms of 
B. We also introduced the linear and quadratic constraints that B has to satisfy in 
order to describe a valid gauging. In the following chapters these general methods 
are applied to concrete examples. 
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d 


G'o 


H 


e 




T 




7 


SL(5) 


Usp(4) 


15 40 


1 © 5 ( 


D 14© 


35 


6 


SO(5,5) 


USp(4) X USp(4) 


144, 


(4, 4) ©(4 


16) © 


(16,4) 


5 


Eq 


USp(8) 


351 


36 


©315 




4 




SU(8) 


912 


36© 36( 


D420 ( 


B420 


3 


Eg 


S0(16) 


1 e 3875 


1 © 135 © 


1820 ( 


B1920 



Table 3.6: For the maximal super gravities in d dimensions the i/-irreducible components 
of the T-tensor are given. For convenience we again hst the global symmetry groups 
Go, its maximal compact subgroups H and the irreducible components of the respective 
embedding tensor. 



d 










^2 


7 


(4 ® 4)antisym ^ 


1©5 


4© 16 




5 © 14 © 35 


6 


(4,1)® (1,4) = 


(4,4) 


(4,1) ©(5, 4) 




(4, 4) ©(16, 4) 


5 


(8 (8) 8)sym 


36 


8© 48 


D 


315 


4 


(8 © 8)sy^ = 


36 


8©56 




420 


3 


(16 ® 16)sym - 


1©135 


16© 128 


D 


1920 


d 






^3 






7 


(16 © 16)antisym 


D 1 ( 


B5© 14©35 






6 


((4,5)©(5,4))sy„, 


D (4,4)( 


B (4,16) © (16,4 


) 




5 


(48 © 48),y^ 




36 ©315 






4 


(56 © 56)syin 


D 


420 






3 


(128 © 128)sym 


D 


1820 







Table 3.7: For the maximal supergravities in d dimensions it is listed which components of 
the T-tensor contribute to the fermionic mass tensors Ai, A2 and ^3. These tensors have to 
be composed out of //-representations that appear in (appropriately (anti-) symmetrized) 
fermionic bilinears, as listed in the table. The subset symbol D is used if not all of the 
possible representations appear (because they are not present in the T-tensor). In even 
dimensions also the respective dual representations are present, e.g. in d = 4 we also have 
(8(8)8)sym = 36 in Ai. 
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Chapter 
The = 



4 

4 supergravities in d = 4 



In this chapter we present the universal Lagrangian and the Kilhng spinor equations 
of the general gauged = 4 supergravities in four dimensions. For an even num- 
ber of spacetime dimensions there are subtleties that seem to hamper the universal 
description of the gauged theory. In particular, in four dimensions the global sym- 
metry group Go of a supergravity theory is generically only realized on-shell since 
it involves duality rotations between the electric and magnetic vector fields [HHl [HB] . 
Only together the electric vector fields that appear in the ungauged Lagrangian and 
the magnetic vector fields that are introduced on-shell form a representation under 
Go- Thus, in a Go invariant formulation of the gaugings the magnetic vector fields 
appear in the covariant derivative and therefore in the Lagrangian. These issues 
were resolved in [HO], where for a general four- dimensional theory it was explained 
how to consistently couple electric and magnetic vector gauge fields together with 
two-form tensor gauge fields in order to describe gaugings of a generic subgroup 
of Go. Here we apply these results to the case of gauged = 4 supergravities. 



reviewing the work of |35]. Very good lecture notes on the subject also exist already 




Examples of iV = 4 supergravities in four dimensions are already known for 
more than twenty years [581 EH EOl EH [621 [631 EH [SSI [661 EH [68] . From a string 
theory perspective these half-maximal supergravities can, for example, result from 
orientifold compactifications of IIB supergravity [HHl [ZD]- In this picture parts of 
the embedding tensor correspond to fluxes or additional branes on the background 
[TTl [72l [73l [ZH [75] , but not all the known gaugings could so far be identified in this 
way. Lower N theories can be obtained by truncation of the = 4 supergravities. 
For example certain relevant A^ = 1 Kahler potentials can be computed from the 
A^ = 4 scalar potential [IHl [IHl [201 [21] • It would also be interesting to find a gauged 
A^ = 4 supergravity that possesses a de Sitter ground state, since this is not the case 
for the theories investigated so far [761 ET] . 
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4.1. EMBEDDING TENSOR AND GAUGE FIELDS 



4.1 Embedding tensor and gauge fields 
4.1.1 Linear and quadratic constraint 

The global symmetry group of ungauged d = 4 half-maximal supergravity is Gq = 
SL(2) X S0(6,n), where n denotes the number of vector multiplets. We use indices 
a = 1,2 and M = 1, . . . , 6 + n to label vector representations of SL(2) and S0(6, n). 
The generators of Go are = and Imn = t[MN]- In the respective vector 
representation they read 

{tMN)p^ = ^[M^N]P , {'^ap)'^^ = ^{a^l3)y , (4.1) 

where rjMN is the S0(6,n) metric and is the SL(2) invariant Levi-Civita tensor. 

The electric and magnetic vector fields together transform as a doublet under 
SL(2) and a vector under S0(6,n), i.e. we have vector fields A*^"". The covariant 
derivative (13.31) takes the form 

D^ = d,-g A/^" Qmo.'''' tNP - 9 A/'" Om/^ ■ (4.2) 

It was already said that the gauge coupling constant g could be absorbed into the 
embedding tensor and is just used for convenience to keep track of the order of defor- 
mation. The two components QmJ^^ and QmJ^^ further decompose into irreducible 
representations of Gq. According to table [3^ the linear constraint only allows for 
two of these irreducible components to be non-zero for a consistent gauging. These 
two components are described by the tensors and faMNP = fa[MNP]- Both are 
doublets under SL(2), but ^aAi is vector under S0(6,n) while faUNP transforms as 
a thee-fold antisymmetric tensor. These tensors constitute the embedding tensor as 
follows 

eMa^^ = /«M^^ + ^^^efl , Om/^ = \isMe'^'6'^ . (4.3) 

Working out the quadratic constraint (13.51) on 6 in terms of ^aM and faMNP yields 
the following set of constraints 

iaifiM = , 

i(afp)PMN = , 

^faR[MNff3PQ]^ + 2^{a[M fl3)NPQ] = , 

{iafpPMN + ^aM^fSN) = , 
{faMNpffSPQ^ — ia f f3R[M[pflQ]N] " ia[M f N][PQ]f5 + ia[P f Q][M N]f3) = . (4.4) 

To summarize, gaugings are parameterized by the tensors ^aM and faUNP that 
have to obey the constraints (14.41) . For any particular gauging these are constant 
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tensors (their entries are fixed real numbers), but in the construction of the general 
gauged theory they are treated as spurionic objects that transform under Go- The 
Go invariance is thus formally retained. This is possible because the constraints 
(14.41) are Go invariant, i.e. for a solution of (14.41) a Go transformation yields another 
solution. Different solutions that are related in this way describe equivalent gauged 
theories. 



4.1.2 Choice of symplectic frame 

It is convenient to define a composite index for the vector fields by A^-^ = A^^". 
On the linear space of vector fields there is a symplectic form Vlj^N defined by 

The existence of this symplectic form is a general feature of four- dimensional gauge 
theory. Every decomposition = {A^,A^\) such that 

provides a consistent split into an equal number of electric A^ and magnetic 
vector fields. That means the ungauged theory can be formulated such that the 
electric fields A^ appear in the Lagrangian while their dual magnetic fields are 
only introduced onshell. Such a decomposition is called a symplectic frame. The 
symplectic group Sp(12 + 2n) is the group of linear transformations that preserve 
flMAf- Every two symplectic frames are related by a symplectic rotation. 

The gauge group generators in the vector field representation take the form 

= faMN^ + 2 (^M ^1 ^aN — ^1 ^/3M " VMN + ^af3 ^SM ^^'^') ■ 

(4.7) 

These generators satisfy 

XM[Af^^V]Q = , X(^MAf^^V)Q = . (4.8) 

The first of these equations states that the symplectic form ^MAf is invariant under 
gauge transformations. In fact, it is even invariant under Go transformations, i.e. 
we have the following embedding of groups G C Go C Sp(12 + 2r;,), where G denotes 
the gauge group. The second relation in (14.81) was found in [50j to be the universal 
way of expressing the linear constraint in four dimensions. This equation was used 
to work out the decomposition (14. 3 p of the embedding tensor into its irreducible 
components ^aM and faMNP- 
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In the following section we use a particular symplectic frame to give the La- 
grangian of the general gauging. The SL(2) doublet is decomposed as a = (+, — ) 
such that e+_ = = 1. We then use ^4*^+ as electric and A^f' as magnetic 
vector fields. This decomposition obviously satisfies fl4.6l) . If we only consider those 
symmetry transformations that do not mix electric and magnetic vector fields the 
global symmetry group Go is broken down to S0(1, 1) x S0(6, n). Only this reduced 
group is realized as symmetry group of the ungauged Lagrangian (and of the gauged 
Lagrangian when considering and faUNP as spur ionic objects). Note that the 
gauge group G need not be contained in this reduced offshell symmetry group. 

In order to illustrate the meaning of the quadratic constraints ( 14.41) we first 
consider the case of purely electric gaugings for the particular symplectic frame 
just chosen. Purely electric gaugings are those for which only the electric vector 
fields appear in the covariant derivative (14.21) . In this case we have C,aM = and 
f-MNP = 0. We then find f+uN^ = I+mnqV^^ to be the structure constants of 
the gauge group and the constraint (14.41) simplifies to the Jacobi identity 

f+R[MNf+PQ]^ = . (4.9) 

The complete quadratic constraint (14. 4p can be viewed a generalization of this Jacobi 
for more general gaugings. Note that the S0(6,n) metric t/mn is used in (14. 9 p to 
contract the indices in (14. 9p . while in the ordinary Jacobi identity the Cartan Killing 
form occurs. Also the indices M, N, . . . run over 6 + n values while the gauge group 
might be of smaller dimension. These issues will be discussed in section 14. 4[ 

4.1.3 Vector and tensor gauge fields 

The ungauged N = 4 supergravity contains the metric, electric vector fields and 
scalars as bosonic fields in the Lagrangian. The dual magnetic vectors and two-form 
gauge fields are only introduced on-shell. The latter come in the adjoint repre- 
sentation of Go and since Go has two factors there are also two kinds of two-form 
gauge fields, namely = bIT^ and B^^ = 4"/^ = (5++, 5+", 5;"). For the 

general description of the gauged theory all these fields appear as free fields in the 
Lagrangian [30]. For the magnetic vectors this is necessary because they can appear 
as gauge fields in the covariant derivative while the two-forms in turn are required 
in order to consistently couple the vector fields. Neither of these newly introduced 
gauge fields gets equipped with a kinetic term and via their first order equations of 
motion they eventually turn out to be dual to the electric vector fields A^^^ and to 
the scalars, respectively. Thus the number of degrees of freedom remains unchanged 
as compared to the ungauged theory. 

We want to give the gauge invariant field strengths and the gauge transformations 
of the vector and two-form gauge fields by applying the general formulas of section 
13.21 In these general formulas we used the tensors djMN and Z^^^ that now are given 
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I'lMN 




as follows 

_ r[M rN] ' 

— e^s o^p ()q] 

From equation f l3.20p we then find the following covariant field strengt 

^/iv — ^C[Ai^!/] -gjaNP ^[fj. 

"2 + NP^f,u +2 '''' 2 ' 

= 3 + 6 VMN A^l^- 9, A^)^ + O(^) . (4.11) 

Only the electric field strength Ti^^"*" enters the Lagrangian, but the magnetic and 
the two-form field strengths appear in the equations of motion. For our purposes it 
is sufficient to know the two-form field strengths up to terms of order g. 

It is useful to define the following combinations of the electric field strengths 



M+ _ -17 M+ 



Q M- ^ -1 MN t^Mdn_ 

= -\ e^^pA Im(r)M^^^r/^p7^^+^^ - Re(r)7^j:+ . (4.12) 

We give the Lagrangian £kin only in the next section, but we want to anticipate 
that in the ungauged theory (i.e. in the limit g ^ 0) the equations of motion for 
the electric vector fields take the form d[^Q,^p]'^^~ = 0. The magnetic vector fields 
can then be introduced via Uff' = gf^- . Thus = (^*^+,^*^-) and are 
on-shell identical. 

The existence of Q^^'^ results in the d = A subtlety that in the general gauge 
transformations fl3.22p we have to replace 7^*^°" by in order to find a formulation 



Note that the indices + and — on the vector fields and on their field strengths distinguish the 
electric ones from the magnetic ones and thus do not indicate complex self-dual combinations of 
the field strengths as is common in the literature. We hope note to confuse the reader with that 
notation. 
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entirely in terms of electric vector fields in the limit g ^ 0. Thus, the gauge 
transformations of the vector and tensor gauge fields read 



ARt = 2/^[.2:f + 2r^M^A^^(" C^f , (4.13) 



where the gauge parameters are A*^", '^ff^ = and E'^^ = and we used 

the covariant variations 03.111) of the two-form gauge fields 

ABf^ = 6Bf^ + 2r^MNAfJ- 6A'f . (4.14) 



In the Lagrangian the two-form gauge fields only appear projected with Qmo^^ and 
Gjvfa^^, respectively. On the two-forms the gauge transformations fl4.13p only close 
under this projection. The gauge algebra is a special case of (13.241) . 



4.2 Lagrangian and field equations 

The N = 4 gravity multiplet contains as bosonic degrees of freedom the metric, 
six massless vectors and two real massless scalars. The scalar fields constitute an 
SL(2)/SO(2) coselH. This coset can equivalently be described by a complex number 
r with Im(r) > or by a symmetric positive definite matrix Map G SL(2). The 
relation between these two descriptions is given by 

where M"^ is the inverse of Majs- The SL(2) symmetry action on M^,^ 

M ^ gMg^ , g = (^^^ e SL(2) , (4.16) 

acts on r as a Mobius transformation r — >■ (ar + h)/{cT + d). 

We couple the gravity multiplet to n vector multiplets, each containing one 
vector and six real scalars. The scalars of the vector multiplets arrange in the 
coset S0(6, r;,)/S0(6) x SO(?t.) which is described by coset representatives Vm"" and 

^ In the literature the symmetry group is usually denoted by SU(1, 1), however, we prefer to 
treat it as SL(2) which is of course the same group but with different conventions concerning its 
fundamental representation. 
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Vm*" where m = 1, . . . , 6 and a = 1, . . . , denote S0(6) and SO(n) vector indices, 
respectively. The matrix V = (Vm'", Vm") is an element of S0(6,?t,), i.e. 

riMN = -Vm™V^"^ + Vm^Vn" , (4.17) 

where timn = diag(— 1, —1, —1, —1, —1, —1, +1, . . . , +1) is the S0(6, n) metric. Global 
S0(6,n) transformations act on V from the left while local S0(6) x SO(?t,) transfor- 
mations act from the right 

V ^ gVh{x) , ^GS0(6,n), /i(a;) G S0(6) x SO(n) . (4.18) 

Analogous to M^^ this coset space may be parameterized by a symmetric positive 
definite scalar metric M = W^, explicitly given by 

Mmn = Va/V^'^ + VA-rVN"" . (4.19) 

Its inverse is denoted by M^^ . Note that each of the matrices Mmn, Vm™ and 
Vm" alone already parameterizes the S0(6,n) part of the scalar coset. 

In order to give the scalar potential below we also need to define the scalar 
dependent completely antisymmetric tensor 

Mmnpqrs = ^mnopqr 

In addition to Qmu^^ and Qmo^^ defined in ( 14. 3 p the following combination of 
faMNP and appears regularly 

faMNP = faMNP — Ca[M VP]N — ^CoNVMP ■ (4-21) 

We can now present the bosonic Lagrangian of the general gauged theorj|§ 

■^bos = -^kin + -^top + -^pot • (4.22) 

It consists of a kinetic term 

e-^/:kin = lR+r6 {D,MMN){Df'M^'') - ^^l^{D^T){D>'r*) 

- \ lm{T) MmnH^/'^H^^''-' + lRe{T)r]MNe^''''n,/'^n,,''^ , 

(4.23) 



Our space-time metric has signatm'e (—,+,+,+) and the Levi-Civita is a proper space-time 
tensor, i.e. e^^^"^ = e^^, eoi23 = — e. 

45 



4.2. LAGRANGIAN AND FIELD EQUATIONS 



a topological term for the vector and tensor gauge fields [50j 
■'-top — 2 

- ■^JaMNRj/BPQ A^ + — U+AfArpC'- Q/j^^,. 



and a scalar potential 



^2 



— J ^ • 'Npfl3QRsM'^'^ 

- I UiNPfpQRse'-^M''''^^^' + 3 ee^'M-^MM^ | • (4.25) 
The action of the covariant derivative (14. 2 p explicitly reads for the scalar fields 

D^Mmn = O^Mmn + 2(7A/°e,p(M^M^)Q . (4.26) 

Note that Im(r)-2(/}^r)(D^r*) = -\{D^M^p){D^'M'^'^), i.e. the kinetic term for r 
can equivalently be expressed in terms of Map- 

Under general variations of the vector and two-form gauge fields the Lagrangian 
varies as 

+ |(5Af -) e;3AfM^,D''M^^ + I G^mp^M^qD^'MQ^ + e^'^'^^A.iv /^.e^p^l^) 
+ total derivatives, (4.27) 

where we used the covariant variations (14.141) . Plugging the gauge transformations 
(14.131] into these general variations one finds the Lagrangian to transform into a 
total derivative, i.e. the action is gauge invariant [50] . 

Equation fl4.27p encodes the gauge field equations of motion of the theory. Vari- 
ation of the two-form gauge fields yields a projected version of the duahty equation 
= Qjll" between electric and magnetic vector fields. From varying the electric 
vector fields one obtains a field equation for the electric vectors themselves which 
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contains scalar currents as source terms. Finally, the variation of the magnetic vec- 
tors gives a duality equation between scalars and two-form gauge fields. To make 
this transparent one needs the modified Bianchi identity for Ti-^y^ which reads 

Kt = I + ^^"'K^. + ^''^.Vp) ■ (4-28) 



Thus we find that the tensors faUNP and do not only specify the gauge 
group but also organize the couplings of the various fields. They determine which 
vector gauge fields appear in the covariant derivatives, how the field strengths have 
to be modified, which magnetic vector fields and which two-form gauge fields enter 
the Lagrangian and how they become dual to electric vector fields and scalars via 
their equation of motion. Consistency of the entire construction crucially depends 
on the quadratic constraints fl4.4p . 

In principle one should also give the fermionic contributions to the Lagrangian 
and check supersymmetry to verify that f l4.22p really describes the bosonic part of a 
supergravity theory. We have obtained the results by applying the general method 
of covariantly coupling electric and magnetic vector gauge fields in a gauged theory 
|50j to the particular case of = 4 supergravity. This fixes the bosonic Lagrangian 
up to the scalar potential. The latter is also strongly restricted by gauge invariance, 
only those terms that appear in fl4.25p are allowed. We obtained the pre-factors 
between the various terms by matching the scalar potential with the one known 
from half- maximal supergravity in three spacetime dimensions [25], see appendix [Bl 
The general theory then was compared with various special cases that were already 
worked out elsewhere [eSlEHl[Z3[ni[Z21[ZSl[Zll[IHl[ZSl[Hn],see section 1121 

A symplectic rotation of the vector fields yields a different Lagrangian which 
describes the same theory at the level of the equations of motion. All possible 
Lagrangians of gauged = 4 supergravity are thus parameterized by ^qm, faMNP 
and an element of Sp(12 + 2n). It can be shown that as a consequence of the 
constraints fl4.4p one can perform for every gauging a symplectic rotation such that a 
purely electric gauging is obtained [SCTpl . In other words, for every particular gauging 
there exists a natural symplectic frame such that no magnetic vector fields and no 
two-form fields are necessary in the Lagrangian. However, this natural symplectic 
frame is only defined implicitly in terms of ^aM and faMNP- In order to have the 
general gauged Lagrangian explicitly parameterized by ^^m and faUNP one needs 
the above construction with magnetic vectors and two-forms. 



^In the maximal supersymmetric theory, i.e. for TV = 8, this statement can even be reversed, i.e. 
every gauging that is purely electric in some symplectic frame is consistent, i.e. solves the quadratic 
constraints for the embedding tensor [32]. This is different in iV = 4 where a nontrivial quadratic 
constraint remains also for purely electric gaugings. 
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SO (2) charges 


SU(4) rep. SO{n) rep. 


gravitini ip"^^ 


1 

2 


4 1 


spin 1/2 fermions x* 


+ 1 


4 1 


spin 1/2 fermions A"* 


+ 1 


4 n 



Table 4.1: if -representations of the fermions of ti = 4, = 4 supergravity 



4.3 Killing spinor equations 

So far we have only considered bosonic fields and we do not intend to give the entire 
fermionic Lagrangian nor the complete supersymmetry action. They can e.g. be 
found in the paper of Bergshoeff, Koh and Sezgin [UH] for purely electric gaugings 
when only J+mnp is non-zero, and we have chosen most of our conventions to agree 
with their work in this special cas^ In particular all terms of order g^, i.e. terms 
of the ungauged theory, can be found there. 

Our aim in this section is to give the Killing spinor equations of the general 
gauged theory, i.e. the variations of the gravitini and of the spin 1/2 fermions un- 
der supersymmetry. Those are required for example when studying BPS solutions 
or when analyzing the supersymmetry breaking or preserving of particular ground 
states. 

All the fermions carry a representation olH = SO (2) x SO (6) x SO(n) which is the 
maximal compact subgroup of Gq. Instead of S0(6) we work with its covering group 
SU(4) in the following. The gravity multiplet contains four gravitini ip^^ and four 
spin 1/2 fermions and in the n vector multiplet there are An spin 1/2 fermions 
A"*, where i = 1, . . . , 4 and a = 1, . . . ,n are vector indices of SU(4) and S0(?7,). 
The S0(2) = U(l) acts on the fermions as a multiplication with a complex phase 
exp(igA(x)), where the charges q are given in table l4?n 

As usual we use gamma-matrices with 

{F^, r J = 27]^, , (r^)t = ry/^-r, , r, = tToT^r^r, . (4.29) 

All our fermions are chiral. We choose ipli and A"* to be right-handed while is 
left-handed, that is 

Ts^; = , r^x' = -X' , TsA'^^ = +A"^ . (4.30) 

Vector indices of SU(4) are raised and lowered by complex conjugation, i.e. for 
an ordinary SU(4) vector Vi = (f*)*. However, for fermions we need the matrix 
B = ir5r2 to define (pi = B{(p^)*. This ensures that (pi transforms as a Dirac spinor 
when 0* does. The complex conjugate of a chiral spinor has opposite chirality, e.g. 

^ The structure constants Jmnp in [SH] equal minus f+MNP- 
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Xi = B{x')* is right-handecu. For (pi = ((p^yVo we define the complex conjugate by 
0* = {(j)i)*B which yields 4>ix' = x'h = = 

An SO (6) vector v"^ can alternatively be described by an antisymmetric tensor 
ytj _ ylij] subject to the pseudo- reality constraint 

Vij = (v^r = le^jkiv"' . (4.31) 

We normalize the map i— >■ f '-^ such that the scalar product becomes 

v'^w"' = ^e,,kiv''w'' . (4.32) 

We can thus rewrite the coset representative Vm™ as Va/*-' such that the equations 
fHTH) and flCTD become 

VMN = -Ij^^iikl^M^'^VN^^ + Va/^Vat" , 
MmNPQRS = — 2 i eijps ^klqt ^mm-u VlA^^V N^^'V p^'^Vq^'^V R^'V s]"" ■ (4.33) 

The scalar matrices Va/*'' and Vm"" can be used to translate from S0(6, n) representa- 
tions under which the vector and tensor gauge fields transform into SO (6) x SO(n) 
representations carried by the fermions. They are thus crucial when we want to 
couple fermions. For the same reason it is necessary to introduce an SL(2) coset 
representative, namely a complex SL(2) vector Va which satisfies 

Mo^p = Re(V„(V^)*) . (4.34) 

Under S0(2) Vq, carries charge +1 while its complex conjugate carries charge —10 

In section 13.31 we already described the modifications that are necessary in the 
fermionic sector when gauging the theory. Those fermionic mass terms that involve 
the gravitini read in our particular case 

e-^A.mass = I 9 ^1 V^M. r'^'^ -\ig A'l X, + ^9 A^J V^t + h.c. , 

(4.35) 



^ Right-handed spinors can be described by Weyl-spinors 0"^, and left-handed ones then turn 
to conjugate Weyl-spinors (p^. Here A and A are (conjugate) SL(2, C) vector indices. In the chiral 
representation of the Gamma-matrices 

a„ ' -1 ' B = ^Y,Y,= \ ^ ^ 



where e is the two-dimensional epsilon-tensor and = (1,1?), = rf^a^ = (— !,(?) contains 
the Pauli matrices, we find right-handed spinors to have the form (f> = {(f>^,Oy while left-handed 
ones look like (j) = (0, <^^)'^. Thus we have x* = (0,%^)^ and its complex conjugate is given by 
Xi = ixt:^)^ where the Weyl-spinors are related by xf = £^^(x^)*- 

^ The complex scalars </> and ip in [68j translate into our notation as V+ = ip, V- ~ i(j> and 
tp/4> — ir* . 
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where A*/ = A^^''\ At^ and A2ai'' are the fermion shift matrices which depend on the 
scalar fields. 

Also the supersymmetry transformations of the fermions have to be endowed 
with corrections of order g^, namely 

b\\ = 2z Va^'{D^VM'')T^e, - \ V^Vm, ^^^^"r^'^e^ + 2tg A^a/ , (4.36) 

where the same matrices Ai and A2 appear as in the Lagrangian. There are also 
higher order fermion terms in the supersymmetry rules, but those do not get cor- 
rections in the gauged theory. We wrote the vector field contribution to the fermion 
variations in an SL(2) covariant way. Using the definition f l4.12p one finds 

= (v_*)-iVA/X^r'^'(i-r5), 

= (V-*)-^ VM"^;^r^"(l + Ts) . (4.37) 
Explicitly, the fermion shift matrices are given by 

A'l = e"^(Vj*V[H]''V^[^^lVp[^V/5M^^ , 

A2a^ = e"^V„VM"V^[,,fe]Vp[^'=l - \sy^V^Va^'^i3M • (4.38) 

In order that the Lagrangian is supersymmetric these matrices have to obey equation 
(13.411) . which now reads 

i^f A,, - lAfA^jk- l^a/^a'fc = --J]V , (4.39) 

where the scalar potential V appears on the right hand side. Equation (14.391) is 
indeed satisfied as a consequence of the quadratic constraints (14. 4p . 

If we have chosen faUNP and ^aM such that the scalar potential possesses an 
extremal point one may wonder whether the associated ground state conserves some 
supersymmetry, i.e. whether e* exists such the fermion variations (14.361) vanish in 
the ground state. The usual Ansatz is e* = q^C,, where g* is just an SU(4) vector 
while is a right-handed Killing spinor of AdS {V < 0) or Minkowski {V = 0) space, 
i.e|!| 



D,^ = g\ -^.VT^BC . (4.40) 



Consistency of the AdS Killing spinor equation can be checked by using Rf^ypx 
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The Killing spinor equations dip'^ = 0, 6x^ = and = then take the form 

^iQj = <t , (13^2 = , A^ai'q' = . (4.41) 

Due to fl4.39l) the first equation of (14.41 1) already implies the other two. 

4.4 Examples 

In this section we give examples of tensors faUNP and ^aM that solve the constraints 
(14.41) . therewith giving examples of gauged = 4 supergravities. In particular, we 
show how the embedding tensor contains the SU(1, 1) phases that were introduced 
by de Roo and Wagemans to find ground states with non-vanishing cosmological 
constant [66l EH [7H] . Note that the possibility of these SU(1, 1) phases was already 
discussed in [HI]. Similarly, the parameters that correspond to three- form fluxes in 
compactifications from IIB supergravity [TT], [72], [73l [71] are identified. 



4.4.1 Purely electric gaugings 

In the particular symplectic frame we have chosen - the one in which the electric 
and magnetic vector fields each form a vector under S0(6,n) - the purely electric 
gaugings are those for which f-MNP = and C,aM = 0, thus only f+MNP is non- 
vanishing. This is the class of theories that were constructed by Bergshoeff, Koh 
and Sezgin [68]. As mentioned above the quadratic constraint in this case simplifies 
to the Jacobi identity (14.91) . which may alternatively be written as 

f+RlM'^f+NP]'' = 0. (4.42) 

This is a constraint on f+MN^ = I+mnqV^^ only, but in addition the linear con- 
straint f+MNP = f+[MNP] has to be satisfied, such that the S0(6,n) metric timn 
enters non-trivially into this system of constraints. The dimension of the gauge 
group can at most be 6 + n, which is obvious in the case that we consider here 
(M = 1, . . . , 6 + n), but which is also the general limit for arbitrary gaugings. 

We first consider semi-simple gaugings. Let fab'^ be the structure constants of 
a semi-simple gauge group G, where a,b,c = 1 . . . dim(G'), dim(G) < 6 + n, then 
Vab = fac'fbd' IS the Cartan-Killiug form and we can choose a basis such that it 
becomes diagonal, i.e. 

r^ab = diag( 1^^-W) • (4.43) 

P Q 

We can only realize the gauge group G if we can embed its Lie algebra go = {^"} into 
the vector space of electric vector fields such that the preimage of timn agrees with 
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rjab up to a factor. This puts a restriction on the signature of rjab, namely either p < 6, 
q < n (case 1) or p < n, g < 6 (case 2). To make the embedding exphcit we define 
the index M with range M = 1 . . .p,7 . . .6 + q (case 1) or M = 1 ... g, 7 ... 6 + p 
(case 2). We then have = ±{riab) and we can define 

U+MNp) = Uabc) , all other entries of J+mnp zero, (4.44) 

where fabc = fab'^Vdc- Since G is semi-simple fabc is completely antisymmetric and 
thus f+MNP satisfies the linear and the quadratic constraint. For n < 6 the possible 
simple groups that can appear as factors in G are SU(2), S0(2, 1), S0(3, 1), SL(3), 
SU(2,1), S0(4,l) and SO(3,2). For larger n we then find SU(3), S0(5), 62(2), 
SL(4), SU(3,1), S0(5,l), etc. 

Apart from these semi-simple gaugings there are various non-semi-simple gaug- 
ings that satisfy (14. 42 p . Of those we only want to give an example. We can choose 
three mutual orthogonal lightlike vectors om, &m and cm and define f+MNP to be 
the volume form on their span, i.e. 

f+MNP = a[MbNCp] . (4.45) 

The vectors have to be linearly independent in order that J+mnp is no n- vanishing. 
The quadratic constraint is then satisfied trivially since it contains tjmn which is 
vanishing on the domain of f+uNP- The gauge group turns out to be G = U(l)^. 
We can generalize this construction by choosing f+MNP to be any three-form that 
has as domain a lightlike subspace of the vector space {f*^}. All corresponding 
gauge groups are Abelian. 

None of the purely electric gaugings can have a ground state with non-vanishing 
cosmological constant since the scalar potential fl4.25p in this case is proportional to 
M~^^ = Im(r)~^. Therefore de Roo and Wagemans introduced a further deformation 
of the theory [OB]- Starting from a semi-simple gauging as presented above they 
introduced a phase for every simple group factor as additional parameters in the 
description of the gauging. In the next subsection we will explain the relation of 
these phases to our parameters faUNP and show how these theories fit into our 
framework. 

4.4.2 The phases of de Roo and Wagemans 

We now allow for f+MNP and f-MNP to be non-zero but keep = 0. The quadratic 
constraint (14.40 then reads 

faR[MNf(3PQ]^ = , ^'^^ faMNRf fiPQ^ = . (4.46) 

To find solutions we start from the situation of the last subsection, i.e. we assume 
to have some structure constants fuNP = f[MNP] that satisfy the Jacobi-identity 
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fR[M Inp] = 0. In addition we assume to have a decomposition of the vector space 
{f into K mutual orthogonal subspaces with projectors Pjm^, i = I ■ ■ ■ K, i.e. 
such that for a general vector vm we have 

K 

VM = Y1 ^^M^'vN , r/^^ P,Af ^ Pjp"^ = for 2 ^ J . (4.47) 

i=l 

Furthermore this decomposition shall be such that the three- form /mnp does not 
mix between the subspaces, i.e. it decomposes into a sum of three-forms on each 
subspace 

K 

fMNP = ^ fimp ' fMNP = PjA/*^ PiN^ PiP^ fqps ■ (4.48) 

i=l 

This implies that the gauge group splits into K factors G = G^^^ x G^^^ x . . . x G^^^ 
with f^NP being the structure constant of the i-th factor, each of them satisfying 
the above Jacobi-identity separately. Solutions of the constraint (14.461) are then 
given by 

K 

f ST^ (i) 

JaMNP - ^W'a J MNP ' 

i=l 

where the Wa^ could be arbitrary SL(2) vectors which we could restrict to have 
unit length without loss of generality. The at G R, i = 1 . . . K, are the de Roo- 
Wagemans-phases first introduces in [HE]- In the following we use the abbreviations 
Ci = cosoj. Si = sinoj. If if = 1 we find f+MNP and f-MNP to be proportional. 
This case is equivalent to the purely electric gaugings of the last subsection since 
one always finds an SL(2) transformation such that Wa^ becomes (1,0). 

For a semi-simple gauging as described in the last subsection there is a natural 
decomposition of {f into mutual orthogonal subspaces and K equals the number 
of simple factors in G. But the above construction also applies for non-semi-simple 
gaugings. 

We have mentioned above that every consistent gauging is purely electric in a 
particular symplectic frame. Considering a concrete gauging it is therefore natural 
to formulate the theory in this particular frame, and also the two-form gauge fields 
then disappear from the Lagrangian. For those gaugings defined by 04.491) we may 
perform the symplectic transformation 

i=l i=l 
i=l i=l 



U7» = (w;5^\ w^i^) = (costti, Sinai), (4.49) 
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such that the covariant derivative depends exclusively on A^^^ 

D^ = V^-g A/'-^fM^^'tNP . (4.51) 

Note that the new electric vector fields A'^'^ do not form a vector under S0(6,?t,), 
but transform into under this group. The Lagrangian in the new symplectic 
frame reads 

e-'C= \R+ HD,Mmn){D^M^''') - ^j^iD,r)iD^r*) 

- I Xmn^,/'+T^^''+ - \ TZmn e'^''^'^*^-^,^^ -g^V , (4.52) 
and the scalar potential fl4.25l) takes the form 



K 



V = ^Im(r)-i ^ {acj - 2Re(r)c,s, + \t\%s,) ft^pf^''' 



IQRS 



X 

K 



1 ^MQ^NR^PS ^ (I ^MQ _ ^MQ^^NR^PS 



Is ^ ^i^jfMNpfoRS^^^^^^^ ■ (4.53) 

The kinetic term of the vector fields involves the field strength 

= 2a[,i.]*^+ - g /^P^^i[/+i.]^+ , (4.54) 
and the scalar dependent matrices Tmn and IZmn which are defined by 

1 ^ 



(4.55) 



In general when going to the electric frame for an arbitrary gauging there is still a 
topological term for the electric fields of the form A Ad A + AAAA [82] , but here this 
term is not present. 

Comparing the scalar potential V for non-vanishing phases with that of the 
last subsection we find it to have a much more complicated r dependence and one 
can indeed find gaugings where it possesses stationary points [761 EH] • 
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4.4.3 IIB flux compact ificat ions 

We now consider gaugings with an origin in type IIB supergravity. = 4 super- 
gravity can be obtained by an orientifold compactification of IIB [U^ 170] and in the 
simplest /Jj2 case this yields the ungauged theory with n = 6, i.e. the global sym- 
metry group is Go = SL(2) x S0(6, 6). Here, the SL(2) factor is the symmetry that 
was already present in ten dimensions and SO(6,6) contains the GL(6) symmetry 
group associated with the torus T^. The compactification thus yields the theory in 
a symplectic frame in which SL(2) x GL(6) is realized off-shell. Turning on fluxes 
results in gaugings of the theory that are purely electric in this particular symplectic 
frame. This is the class of gaugings to be examined in this subsection. 

An SO(6,6) vector decomposes under GL(6) = U(l) x SL(6) into 6 © 6. The 
vector fields A^*^" split accordingly into electric ones and magnetic ones A^a° 
where A = 1 ... 6 is a (dual) SL(6) vector index. The S0(6, 6) metric takes the form 

- (,T ^^r) - {I ?) . (4.66) 

The gauge group generators (14.71) split as Xmu = {^Aa, X^a) and a purely electric 
gauging satisfies X^^ = 0. The tensors and faUNP decompose into the following 
representations 

(2,12)^(2,6)0(2,6), _ _ _ 

(2, 220) ^ (2, 6) © (2, 20) © (2, 84) © (2, 84) © (2, 20) © (2, 6) . (4.57) 

From (14. 7p one finds that the condition X^a = demands most of these components 
to vanish, only the (2,20) and a particular combinations of the two (2, 6)'s are 
allowed to be non-zero. Explicitly we find for the general electric gaugings in this 
frame 

^aM = i^aA, ^a^) = {^aA, 0) , 
faMNP = (/aArS, faAT^, faA^^, fa^^^) = (/aAFS, C[A'^r]' 0) 0) • (4.58) 

This Ansatz automatically satisfies most of the quadratic constraints (14. 4p . the only 
consistency constraint left is 

/(.[Ars^/^)*] = 0. (4.59) 

Thus for ^aA = we find /aArs to be unconstrained, i.e. every choice of /aArs gives 
a valid gauged theory. It turns out that /aArs corresponds to the possible three- 
form fluxes that can be switched on. These theories and extensions of them were 
already described and analyzed in [71], [72] . It was noted in [HS] that not all iV = 4 
models that come from T®/Z2 orientifold compactifications can be embedded into 
the = 8 models from torus reduction of IIB, since for the latter the fluxes have 
to satisfy the constraint /a[Ars//3*As] = 0. 
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Searching for solutions to the constraint (14.591) with ^aA non- vanishing one finds 
that the possible solutions have the form 

/qAFE = ^a[A ^rS] , or faAVT. = 6^"^ 5„[a ^(^r ^7E] , (4.60) 

with unconstraint C,aA, ^Ar = ^[Ar] and B^a, respectively. 

Theories with both faMNP and ^aM non- zero were not yet considered in the 
literature. For faMNP = the remaining quadratic constraints on ^aM demands it 
to be of the form ^^m = Va wm, with Va arbitrary and wm lightlike, i.e. wmw^^ = 0. 
Thus for vanishing faMNP the solution for is unique up to SL(2) x S0(6,n) 
transformations. This solution corresponds to the gauging that can be obtained 
from Scherk-Schwarz reduction from d = 5 with a non-compact S0(1, 1) twist, which 
was constructed in [79] for the case of one vector multiplet. This suggests that in 
certain cases non-vanishing C,aM corresponds to torsion on the internal manifold. 
But this does not apply to the IIB reductions here since is a doublet under 
the global SL(2) symmetry of IIB, while a torsion parameter should be a singlet. 
We have shown that these theories with non-vanishing C,aA are consistent = 4 
supergravities, but their higher-dimensional origin remains to be elucidated. 

The list of gauged = 4 supergravities that were presented in this section 
is, of course, far from complete. One could, for example, discuss other orientifold 
compactifications of IIA and IIB supergravity, for all of which turning on fiuxes 
yields gauged theories in four dimensions [73], [71]. However, the examples discussed 
were hopefully representative enough to show that indeed all the various gaugings 
appearing in the literature can be embedded in the universal formulation presented 
above. New classes of gaugings are those with both faUNP and non-vanishing. 
Every solution of the quadratic constraints (14.41) yields a consistent gauging . For 
additional examples see [84|- 
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Chapter 5 

The = 4 supergravities in d = 5 



Analogous to the presentation of the four- dimensional theory in the last chapter 
we now describe the general five-dimensional gauged = 4 supergravitjil] The first 
account of the ungauged N = 4 supergravity in d = 5 was given in [85], where 
also the first gauging of the theory was already considered. Those gaugings for 
which the gauge group is a product of a semi-simple and an Abelian factor were 
already presented in j86j, examples of this type were already known for a while 
[871 [881 [891 [90l [QTl [92] . Also some non-semi-simple gaugings were already constructed 
|79j . Our presentation incorporates all these known gaugings and also includes new 
ones. The construction of the general gaugings in this chapter follows closely the 
one in |23] for the d = 5 maximal supergravities. 



5.1 Embedding tensor and gauge fields 
5.1.1 Linear and quadratic constraint 

The global symmetry group of ungauged d = 5, N = 4 supergravity is Go = 
S0(1, 1) X S0(5,?T,), where n counts the number of vector multiplets. The theory 
contains Abelian vector gauge fields that form one vector A^^ and one scalar 
under S0(5,n). Note that the index M = 1. . .5 + n now is a vector index of 
S0(5,n) while in the last chapter we used it for S0(6,n). The vector fields carry 
S0(1, 1) charges 1/2 and —1, respectively, i.e. 

where Sq denotes the S0(1, 1) action. The corresponding algebra generator is de- 
noted while the S0(5,?t,) generators are tMN = t[MN]- For the representations of 

^We denote by = 4 the half-maximal supergravity, although in five spacetime dimensions 
this theory is sometimes referred to as = 2. 



57 



5.1. EMBEDDING TENSOR AND GAUGE FIELDS 



the vector gauge fields these generators exphcitly read 

The covariant derivative (13. 3p reads 

D^ = d,-g GM^^tivP - 9 Aff Qm' H-gAl Qo'^'^t^p - 9 ^5 • (5-3) 

According to table 13.21 there are only three irreducible components of the embed- 
ding tensor allowed in the present case. These three components are parameterized 
by tensors fuNP = fiMNP], ^mn = ^[mn] and ^m- In terms of these tensors the 
embedding tensor reads 

eM^^ = /M^^ + 5l?e^i, eM° = eM, 60^^^ = r^, 60° = 0. (5.4) 

The covariant derivative becomes 

D, = V,-9 /m^^ t^P - 9 Al tr,P - 9 ^ tuN - 9 iu h , (5.5) 

where the indices are raised and lowered by using the S0(5, n) metric "quN- In order 
that the above expression is Go invariant we need Jmnp and to carry S0(1, 1) 
charge —1/2 and ^mn to have charge 1. By Gq invariance we again mean the formal 
invariance treating the /mnp, ^mn and as spurionic objects. 

The quadratic constraints (13. 5p on 9 yields the following constraint on /mnp, 
iuN and ^M'- 

iivii^^ = , CmnC^ = , fuNP^^ = , 

3/i?[MAf fpQ]^ = '^f[MNP ^Q] , ^M*^ JqNP = ^NP — ^[N ^P]M ■ (5.6) 

This implies for example that C,m has to vanish for n = since for an Euclidean 
metric rjMN one has no lightlike vectors. In general, however, all three tensors may 
be non-zero at the same time. 

It is convenient to introduce a composite index Ai = {0, M} that combines all 
vector gauge fields A^ = (^4°, A^f). The covariant derivate acts on an object in 
the vector field representation as 

D, A^ = V,A^+9 < X^r^ A^ . (5.7) 

We already introduced the gauge group generators X_Mf^^ = {Xj^)f/^ in section 
13.11 In the present case they explicitly read 

XmN^ = —fhlN^ — l^llMN^^ + ^[M^N] , Xmo^ = , Xqm^ = —^M^ , (5.8) 

and all other components vanish. The quadratic constraint ensures that the Xj^j\/^ 
satisfy the condition (13. 6p that guarantees the closure of the gauge group and iden- 
tifies the Xmjv^ themselves as generahzed structure constants of the gauge group. 
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For gaugings with only Jmnp non-zero we see that this tensor is a structure constant 
for a subgroup G of SO (5, n) that is gauged by using as vector gauge fields. If 
only ^MN is non-zero we find a one-dimensional subgroup of S0(5,n) to be gauged 
with gauge field ^4°. And for gaugings with only non-zero one finds a 4 + 
dimensional gauge group S0(1,1) k S0(1, 1)^+*^ where the first factor involves the 
S0(1,1) of Go. 



5.1.2 Vector and tensor gauge fields 

We have already introduced the vector fields = (y4°, A*^). Ind = 5 the two-form 
fields are introduced as dual to the vector fields, i.e. we have B^^m = {.B^^m, B^yo). 
They also transform dual to the vector gauge field under Gq, i.e. B^^m is a vector 
with S0(1, 1) charge —1/2 and B^^q is a singlet carrying charge 1. In the gauged 
theory we use both vector and two-form fields as free fields in the Lagrangian. 
However, the latter do not have a kinetic term but couple to the vector fields via 
a topological term and via Stiickelberg type couplings in the vector field strengths. 
The two-forms then turn out to be dual to the vectors fields due to their own 
equations of motion ^33j. This is analogous to the four dimensional case where the 
two-forms turned out to be dual to scalars via the equations of motion. 

To translate the general formulas of section 13.21 to the particular case of half- 
maximal (i = 5 supergravity we first need to give the tensors diMN and Z'^^^ which 
in the index conventions of the present chapter read (Imnq = d{MAfQ) and Z"^^ = 
^[MAf] ^ fjj^g complete symmetry of (Imnq and the antisymmetry of Z^^ was found 
in section 13.2.31 to be crucial for the existence of an gauge invariant Lagrangian in 
d = b. For the present case these tensors are defined by 

doMN = dMON = dMNo = Vmn , all other components zero, (5.9) 

and 

From these definitions one finds fl3.15p to be satisfied, i.e. in our present notation 

X{MAf)'^ = dMNQZ^^ ■ (5-11) 

This relation is the general formulation of the five-dimensional linear constraint. 
One can show that the existence of Z^^ such that (15.111) is satisfied is equivalent to 
the linear constraint (15. 4p on the embedding tensor. 

With the above definitions at hand we can now read of the covariant field 
strengths of the vector and two- form gauge fields from equation (I3.20p . We find 

H^^ = 2d[,A^ + gX^r^A^A-P^ + gZ^^B,,^ ., 



3 Dy^ 5,,]^ + 6 d^T^Q Al [d, Af^ + \g Xns^ ^4^ ^ 



(5.12) 
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These field strengths transform covariantly under the gauge transformations fl3.22p . 
which in our particular case read 

^B^^M = {'^Di^E^]M - '^dMAfv'H-'^u^^) ' (5.13) 
where A'^ and S^^v" are the gauge parameters and we use th the covariant variation 

AS^.A4 = {SB^^M - 2dMXrAf^6A;^^) . (5.14) 

The two-forms appear in the Lagrangian only projected with Z'^-'^ and thus we also 
define their field strengths only under this projection. The two-forms thus decouple 
from the theory in the ungauged limit g ^ 0. Also for the gauged theory there are 
never all two-forms entering the Lagrangian. For example, for gaugings with only 
fuNP non-zero we have Z-'^-^ = and thus no two- forms are needed at all. 



5.2 The general Lagrangian 

We have already introduced the vector fields and the two- form fields B^^m in the 
last section. In addition the bosonic field content consists of the metric and of scalars 
that form the coset S0(1, 1) x S0(5, n)/S0(5) x ^0{n). The S0(1, 1) part of the 
scalar manifold is simply described by one real field S that is a singlet under SO (5, n) 
and carries S0(1, 1) charge —1/2. In addition we have the coset S0(5, n)/S0(5) x 
SO(n) which is parameterized by a coset representative V = (Vm"^, Vm"), where 
m = 1 . . . 5 and a = 1 . . .n are SO (5) and SO(n) vector indices. Our conventions 
for V here are the same as for the S0(6, n)/S0(6) x S0(?2) coset representative we 
had in four dimensions, see equations (14.1 7p . (14.181) and (14.191) of the last chapter. 
In addition to the symmetric matrix Mmn = VV^ and its inverse M^'^^ we need 
the completely antisymmetric scalar tensor 

MmNPQR = emnopgVM™VAr"Vp°VQ^Vij'' . (5.15) 



We now have all objects to give the bosonic Lagrangian of the general gauged 
N = 4 supergravity in five dimensions 

■^bos = -^kin + -^top + -^pot • (5.16) 

It consists of a kinetic part 

e i-kin = 4 ^ ^^-^MN rL^v ri — j 2^ rt^^ n 

- I (D^S)2 + ± {D,Mmn){D>^M'''') , (5.17) 
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a topological part [33] 

- I dMMv 9aA^ - 2 (7 d^ATP XsTe"^ < d^AZ 

- I dMNv Xqu^ Xsr^ < A^ A^ Ajl , (5.18) 



and a scalar potential 

+ |v^WeQHSM^™«] . (5.19) 

For = this scalar potential agrees with the one given in [86]. The topological 
term £top is a special case of equation 03.331) which gave £top for a general five- 
dimensional theory. This topological term seems complicated, but its variation with 
respect to the vector and tensor gauge fields takes a simple and covariant form 



5Aop = {l9Z^^ U^Xm ^Bx^M + dMMv < 5AZ) + tot. deriv. , 

(5.20) 



Under gauge transformations fl5.13p the Lagrangian is invariant up to a total deriva- 
tive. 

Varying the two-forms in the Lagrangian yields the equation of motion 

Z^"" WA. n^^'' - -Matp^J'.) = , (5.21) 



where we have used 



MN 



Due to equation fl5.2ip the two-forms become dual to the vector gauge fields as was 
announced above. 



5.3 Killing spinor equations 

We now turn to the fermions of the five dimensional theory in order to give the 
Killing spinor equations. The fermions come in representations of the maximal 
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compact subgroup H = USp(4) x SO(n) of Go, where USp(4) is the covering group 
of SO (5). In the gravity multiplet there are four gravitini ipni and four spin 1/2 
fermions Xi^ both vectors under USp(4) and singlets under SO(?t,), i = 1 . . .4. In the 
n vector multiplets there are 4n spin 1/2 fermions A" which form a vector under both 
USp(4) and SO(?t,), a = 1 . . .n. All fermions are pseudo-Majorana, i.e. they satisfy 
a pseudo-reality constraint of the form = QijC{C,-')'^ , where Qij is the USp(4) 
invariant symplectic form and C is the charge conjugation matrix. 

The coset representative Vm"^ transforms as a 5 under USp(4) and can alterna- 
tively be expressed as Vm*"* = Vm'*"*^ subject to 

V^^'^^, = , {Vm'')* = ^fc^^VM'^ . (5.23) 

Under supersymmetry transformations parameterized by = ei{x) we have 

J- O A^'' V c 

b\\ = t (V^/Z^^V./Or^efc - 1 S V^" n% r^'^ e, + V2gn,, Ap e, . (5.24) 

Here we have neglected higher order fermion terms. These fermion variations could 
formally be read off from [86]. But the fermion shift matrices A\ij^ A2ij and 
which are defined below now include contributions from the vector ^m- 

Using Va/" and Vm^-' we can define from /mnp, ^mn and scalar dependent 
tensors that transform under H. The vector gives 

t'^ = S-^Va/^' , t'' = S-^Va/" , (5.25) 

from the 2-form ^mn one gets 

C'^' = V2 T^^lki Va/'^ VV' i^'"" , = Va/Vjv'^' i^"" , (5.26) 

and the 3- form fuNP yields 

(5.27) 

where X'^ = X^'^\ = C^'^\ C'^ = p'^ = p^'^\ p"'^ = p<'^\ | The above 

tensors are the irreducible components of the T-tensor introduced for the general 

^ Our notation translates into that of 86J as follows: ~ A", Ajlf — j^S,^' Imn = 
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case in equation (13.441) . As explained in section [3^ these irreducible components 
are used to define the the fermion shift matrices. In our case one finds 

4^- = -^(C^ +p'^ + |r^^) , 

= i {-C^ + p"'^ - i V2 fi*^) . (5.28) 

According to section these matrices do not only appear in the fermion variations 
but also in the fermion mass terms that have to appear in the Lagrangian of the 
gauged theory 

(5.29) 

Note that we have only given those terms that involve the gravitini. Supersymmetry 
imposes the condition (13.411) on the fermion shift matrices, which here reads 

fifc/ (Af - A^^A^^ - Al'^Af^ = —Q'^V , (5.30) 

where the scalar potential appears on the right hand side. Again, this condition is 
satisfied as a consequence of the quadratic constraint (15.61) . 



5.4 Dimensional reduction from d = b to d = A 

Starting from a five dimensional supergravity one can perform a (twisted) circle 
reduction to get a four dimensional supergravity. For the maximal gauged super- 
gravities this was discussed in [93] for Scherk-Schwarz reductions from d = 5. We 
consider = 4 supergravities here and restrict our attention to simple circle re- 
ductions starting with a five- dimensional theory that is already gauged. Any five 
dimensional gauging described by /mnp, Cmn and must give rise to a particular 
four dimensional gauging characterized by faMNP and ^au- In other words the set 
of five dimensional gaugings is embedded into the set of four dimensional gaugings 
and we now want to make this embedding explicit. This yields additional exam- 
ples of four dimensional gaugings, but it is also interesting in the context of string 
dualities in presence of fluxes since the two tensors fuNP and ^mn in c? = 5 turn 
out to be parts of the single tensor faUNP under the larger duality group in = 4. 
Thus, as usual, one gets a more unified description of gaugings with different higher 
dimensional origin when compactifying the supergravity theory further. With all 
the group structure at hand it is not necessary to explicitly perform the dimensional 
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reduction but we can read off the connection from the formulas for the covariant 
derivatives (14. 2 p and (15. 5p (that is from the embedding tensor). 

A five dimensional theory with n vector multiplets yields a four dimensional 
theory with n + 1 vector multiplets. One way to understand that is by counting 
scalar fields. There are 5n + 1 scalars already present in five dimensions and in 
addition one gets one scalar from the metric and 6 + n scalars form the vector 
fields which gives 6ra + 8 in total and agrees with the number of scalars in the coset 
SL(2) X S0(6, n + l)/S0(2) x S0(6) x S0(n+1). When breaking the S0(6, n + 1) into 
S0(1, 1)^ X S0(5, n) the vector representation splits into an S0(5, n) vector t>^^ and 
two scalars v® and with charges 0, 1/2 and —1/2, respectively, under S0(1, 1)^- 
When breaking the SL(2) into S0(1, 1)^ the vector splits into two scalars f"*" and 
v~ with charges 1/2 and —1/2 under S0(1, 1)b- The four dimensional vector fields 
therefore split into Aff+, Aff~, A®~, A®+ and A®". We can now identifying 

the five dimensional vector fields as 

4 = 4~ ' (5-31) 

and these fields carry charges 1/2 and —1 under the diagonal of S0(1, 1)a and 
S0(1, l)s and the five dimensional S0(1, 1) therefore has to be this diagonal. Thus 
the five dimensional global symmetry generators are given in terms of the four 
dimensional ones as follows 

, _ ,SO(6,n+l) 

tMN - ifjv/Af] • [b.SZ) 

The vector fields Aff', A®+ are the four dimensional duals of A*^^ and A® , they 
come from the two-form gauge fields in five dimensions. The vector fields A®~ and 
A®"*" are uncharged under the five dimensional S0(1, 1), they are the Kaluza-Klein 
vector coming from the metric and its dual field. 

Now, if a four dimensional vector field that was already a vector field in five 
dimensions (I5.3ip gauges a four dimensional symmetry that was already a symmetry 
in five dimensions (I5.32p the corresponding gauge coupling in the covariant derivative 
in ci = 4 has to be the same as in c? = 5. For the four dimensional covariant derivative 
one finds 

Dfj. = — g A^'^^^ (O+A/^'^tTVP + 2/+M®®^ee + ^+m^+-) 

- g A,®- (/-e^^tTVP + e-e^ee - ^-0^+-) + Df" , (5.33) 

where QoMnp is defined in (I4.21lj^ and D^^f^ denotes exclusively four dimensional 
contributions to the covariant derivative. By comparing with the known covariant 
derivative in five dimensions (15. 5p one gets 

= , f+M®e = I^M , f-eMN = CmN , f+MNP = fuNP ■ (5.34) 

^ Note that what we called n in section H] is now n+1 and the index M now is an S0(5,n) 
vector index rather than a SO (6, n + 1) index. 



A 



M 



A 



M+ 



tn = t 



SL{2) 



,SO{6,n+l) 

+ %e 
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For a simple circle reduction it is natural to demand furthermore f±MN® = 0, 
f+MNe = 0, f-MNP = 0, /-A/ee = 0, ^-m = 0, ^±© = and ^±e = 0. Some 
of the last quantities, however, may be non-zero for more complicated dimensional 
reductions and may then for example correspond to Scherk-Schwarz generators [7U] . 
But for the ordinary circle reduction we have just given the embedding of the five 
dimensional gaugings into the four dimensional ones. In addition to the above 
equations we have to make sure that faMfjp is totally antisymmetric in the last 
three indices (M = {M, ©,0}). One can then show that for these tensors f^uNp 
and ^Q,^^ the four dimensional quadratic constraint fl4.4p becomes precisely the five 
dimensional one (15.61) for /mnp, ^mn and ^m- Also the four and the five dimensional 
scalar potentials (14.251) . (15.19 1 ) become the same if all scalars that are not yet present 
in d = 5 are set to the origiiu. 

Due to the antisymmetry of faMNp one finds the following additional terms in 
the d = 4 covariant derivative: 

Df^ = -g A,''- (2^/ ^ tTve + t-) 

+ g e {tNe -tNe)+9 (t^e + ^Ne) ■ (5-35) 

These are couplings of vector fields to symmetry generators that both only occur in 
four dimensions. If one explicitly performs the dimensional reduction by hand these 
gauge couplings originate from the dualization of the various fields. 

Thus, we showed how the gaugings of = 4 supergravity in five dimensions 
are naturally embedded into the four dimensional ones by dimensional reduction. 
Noteworthy, the five dimensional gaugings are parameterized in terms of three ten- 
sors /mnp, ^ain and while the four dimensional ones are parameterized in terms 
of two tensors faMNP and only. Thus with decreasing spacetime dimension 
one finds not only a larger duality group but also a more uniform description of 
the deformations. This is the typical picture of dualities in string theory where 
dimensional reduction relates theories with different higher-dimensional origin. 



The equality of the scalar potentials is most easily checked at the origin M — 1. If the 
potentials do agree there for all possible gaugings the statement is already proven due to the 
S0(1, 1) X S0(5,n) covariance of the construction. 
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Chapter 6 



The maximal supergravities in 

d = 7 



In this chapter the general gauging of seven- dimensional maximal supergravity is 
presented. Examples of these theories can be obtained by sphere reductions of 
M-theory or of type IIA or IIB supergravity which lead to gauge groups SO (5), 
CS0(4, 1), and S0(4), respectively. All the known gaugings as well as a number 
of new examples are incorporated in our formulation. In particular, we obtain the 
theory with gauge group SO (4) that originates from a (warped) reduction of type 
IIB supergravity. 



6.1 Embedding tensor and gauge fields 
6.1.1 Linear and quadratic constraint 

The global symmetry group of the ungauged seven- dimensional theory is Go = 
i?4(4) = SL(5). Its 24 generators t'^N are labeled by indices M,N = 1, . . . , 5 with 
t^M = and satisfy the algebra 



1^ N , 1^ Q 



Si^t'^Q-S^t^. (6.1) 



The vector fields Aff^ = of the ungauged theory transform in the represen- 

tation 10 of SL(5), so that 6Aff^ = 2Ap^^^ Af^^^ . The covariant derivatives (13. 3p 
takes the form 

D, = V,-gAff''QMN,p'^t^Q, (6.2) 

We already discussed the linear constraint on the embedding tensor Qmn,p^ in 
section 13. 1[ According to table 13.11 only two of the four irreducible components of 
Qmn,p^ are allowed to be non-zero. These two components are a 15, described by a 
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symmetric matrix Ymn = YiMN), and a 40, described by a tensor Z^^^'^ = Z^^^^^'^ 
with Z^^^^'^^ = 0. In terms of these tensors the embedding tensor is given by 

^MN,P^ = ^'yM^N]P ~ '^^J^NPRS Z^^'^ . (6.3) 

The quadratic constraint (13. 5p on the embedding tensor reduces to the following 
condition on Ymn and Z^^^'^: 

YMQZQ^'^ + 2eMRSTuZ^''''Z^^'^ = 0, (6.4) 

In terms of SL(5) representations this quadratic constraint has different irreducible 
parts in the 5, the 45, and the 70 representation. In particular, they give rise to 
the relations 

ZWy^^ = 0, Z^'^^^^Xmn = 0. (6.5) 

The second equation of these equations already carries the full content of the 
quadratic constraint. The gauge group generators Xmn = Xi^mn] are given by 

^MN = QmN,P^ t^Q ■ (6.6) 

They can be taken in an a an arbitrary representation. Acting on the 5 and 10 of 
SL(5) they read 

{Xmn)p'°^ = 'S>MN,P^ = ^^m'^N]P ~ '^^MNPRS Z^^''^ , 

{Xmn)pq^^ = '^{Xmn)[p^^Sq^ ■ (6.7) 

Summarizing, a consistent gauging of the seven-dimensional theory is defined by an 
embedding tensor Qmn,p'^ satisfying a linear and a quadratic SL(5) representation 
constraint which schematically read 



(Pl0 + Pl75)e = 0, 

(P5 + P45 + P^)0e = 0. (6.8) 



The first of these equations can be explicitly solved in terms of two tensors Ymn 
and Z^^'^'^ leading to (16. 3p : the quadratic constraint then translates into the con- 
ditions (16.41) on these tensors. In the rest of this chapter we will demonstrate that 
an embedding tensor B solving equations (16.81) defines a consistent gauging in seven 
dimensions. 



6.1.2 Vector and tensor gauge fields 

In the Lagrangian of ungauged d = 7 maximal supergravity one in addition to the 
vector fields Aff^ has two-form fields fields B^^m that transform in the 5 of SL(5) 
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On-shell one can introduce the dual gauge fields. Dual to the two-forms there 
are three forms S^^pM in the 5 representation. In the gauged theory these three- 
forms are present at the level of the Lagrangian. They appear via Stiickelberg type 
couplings in the field strengths of the two-form gauge fields and are necessary for 
the gauge invariance of these field strengths. They will always appear projected 
under Ymn, i-e. for Qmn,p'^ = they will decouple and the ungauged theory is 
recovered. For the general case this system of vector and tensor gauge fields was 
already introduced in section 13.21 The formulas given there shall now be specialized 
to the present context. 

The tensors djMN and c^J of section [3l2] are now given by 

T MN jrlM j-N] iry n\ 

a-T,{MN\{PQ\ — ^TMNPQ , C[pQ] — - Ojp Oqj . 

Comparing equations fl3.18p and (16.31) shows that Yia and Z^^^ of section 13.21 are 
identified with the tensors Ymn and Z^'^^'^ introduced above. The relation fl3.15p 
then translates into 

{Xmn)pQ^^ + {Xpq)mN^^ = Z^^''^ dT,[MN]lPQ] , (6.10) 

With these identifications the covariant field strengths (I3.20p for the gauge fields are 
given by 

'^tlpM = ^Dif,B^p]M + Q^MNPQRAf/ (^d^A^^^ + lgXsT,u^A^^Ap]^^ 

+ qYmnS^^p , 

Ymn ^IfipA = ^mn {^D^^ S^^^ + QJ^i^yB^^p + SgZ^^^'^B^^^ pB^x] q 

+ SepQnsTAZ^A^%Af + ^gepQRVwXsT^u'' Af^^A^AfA^,;^) . 

(6.11) 

These field strengths transform covariantly under vector and tensor gauge transfor- 
mations (13.221) which read for the present case 



^Bpi,M = 2-D[^H,^]Af — 2tMNPQR'H'~pi^^^ K^^ — qYmn^I 

Ymn = Ymn {^D^^K] " ^KJf'^-P^ ^ + ^i^pA^^) , (6.12) 

with gauge parameters A*^^, E^m, and corresponding to vector and tensor 
gauge transformations, respectively. The covariant variations (13. lip take the form 



MN _ X aMN 

NP e aQR 



AA-^^ = 5A^ 



^BpyM = SBpi^M — '^^mnpqrA^p , 
Ymn ASl^^p ^ Ymn (sS^ " 3i?[,.p + 2epQnsTAf/ A^^ 6Af) . (6.13) 
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The gauge transformations (16.121) consistently close into the algebra fl3.24p . For 
g one recovers from fl6.12p the vector and tensor gauge transformations of the 
ungauged theory [01]. The action of the tensor gauge transformations eventually 
allows to eliminate some of the vector and tensor gauge fields by fixing part of the 
gauge symmetry. We will discuss this in more detail in section 16.4.11 

The deformed Bianchi identities (13.261) read in the present context 



p, nj(2)MN _ yMN,Pnj{3) 

n -^(3) _3 -i/{2)JVP-w(2)QR 1 ^ ^(4) TV , . x 



There is a unique gauge invariant topological Lagrangian in seven dimensions 
that combines vector and tensor fields in such a way that it is invariant under the 
full set of non-Abelian vector and tensor gauge transformations fl6.12l) up to total 
derivatives. The leading terms of this Lagrangian were already given in fl3.35p . 
Completely it reads 



+ ^epQUSTArA^d^A^J + gepQnwxXsT,uv'^''ArA^^ArAr) 

9 

+ 3gZ^'''^{D,B,,M) BxawBrnP ~ 1^'^ pv BpXAjDaB^f^^ 

+ l8eMNPQn:F;it^A^^[dxAr + lgXsT,u'' A^ A^j) B^^y 

+ ^geMNPQRZ''''^'^A^/[d^A<^p^ + IgXsT^U^A^^A'p^) Bx.vBr.w 

+ feMPQTu er.nsvwAf^^^A^<^Afid,Al^)id^Ar) 

+ 8geMPQRs ^ntuzaXvw,xy^^A^^'^ A^'^ A^'^ A^^ A^^ d^A^^ 

4 2^ c Y ^'^Y DE aMN aPQ aRS aTU aVW aXY aZA 

— -^g ^MPQBC ^NVWDE^RS,TU ■^XY,ZA ^p ^p ^X ^cr 

(6.15) 



As — s> this topological term reduces to the SL(5) invariant Chern-Simons term 
of the ungauged theory [9lj. Under variation of the vector and tensor fields, the 
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topological Lagrangian £vt transforms as 



5C 



VT 



uupXaTK 



>tkN 



0-17(3) -1/(3) A aMN 



+ total derivatives , (6.16) 



in terms of the covariant variations fl6.13p . With fl6.12p one explicitly verifies that 
this variation reduces to a total derivative. To show this one needs the deformed 
Bianchi identities f l6.14p as well as the SL(5) relation 



Tj[MNj^PQ TjR]S , j^iMNj^PQ j^R]S 

rC^ JXg + JXg it^ 



j^[MN pPQ rjR]S _^ 

iXg JX^ 1X2 U 



(6.17) 



for arbitrary tensors -Rf 2''3 



6.2 Coset space structure and the T-tensor 

In this section we introduce the scalar sector of maximal seven- dimensional su- 
pergravity, which is described in terms of the scalar coset space SL(5)/SO(5). This 
allows to manifestly realize the global SL(5) symmetry of the ungauged theory while 
the local S0(5) ~ USp(4) symmetry coincides with the i?-symmetry of the theory. 
For the gauged theory we further introduce the T-tensor as the USp(4) covariant 
analog of the embedding tensor 0. 



6.2.1 The SL(5)/SO(5) coset space 

The scalar fields in seven dimensions parameterize the coset space SL(5)/SO(5). 
They are most conveniently described by a matrix V G SL(5) which transforms 
according to 

V ^ GVH{x) ^€81(5), if(a;) G S0(5) , (6.18) 

under global SL(5) and local S0(5) transformations, respectively (see [I3] for an in- 
troduction to the coset space structures in supergravity theories). The local SO (5) 
symmetry reflects the coset space structure of the scalar target space, the corre- 
sponding connection is a composite field. One can impose a gauge condition with 
respect to the local SO (5) invariance which amounts to fixing a coset representative, 
i.e. a minimal parameterization of the coset space in terms of the 14 = 24 — 10 
physical scalars. This induces a nonlinear realization of the global SL(5) symmetry 

^In terms of representations, this is the statement that the threefold symmetric product of three 
10 representations of SL(5) does not contain a 5. 
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obscuring the group theoretical structure and comphcating the calculations. It is 
therefore most convenient to postpone this gauge fixing till the end. 

In particular, the formulation f l6.18p is indispensable to describe the coupling 
to fermions with the group S0(5) ~ USp(4) acting as the i?-symmetry group of 
the theory. For USp(4) we use indices a, 6, . . . = 1, . . . , 4 to label its fundamental 
representation. The USp(4) invariant symplectic form Qab has the properties 

Qab = ^[ab] i^abT = f^'^' ^ab^'' = ■ (6-19) 

The lowest "bosonic" USp(4) representations are defined in terms of the fundamental 
representation (□) with index structures according to 

1: ■ 

5 : B V^'^' = I/gf''" , f^ab^s"' = , 

10 : m Vw"^ = Vio^^^^ , 

14 : ffl V^4''\d = V^M^^'^M , = , nabVr^'^'cd = = fi^"Vi4'^^rf , 

35 : Vs,^\a = ^35^"'^^) , ^ss'^'cfe = , ^ab^ss^'cd = . (6.20) 

All objects in these representations are pseudo-real, i.e. they satisfy reality con- 
straints 

(v^y = , (v^^'y = naA.Vs"' , (v^i/'e,)* = n^A^n^'^n'''^ v^/^^j, , (6.21) 

etc. We use complex conjugation to raise and lower USp(4) indices. According to 
(16.211) pseudo-real objects are defined such that their indices are equivalently raised 
and lowered using flab and fl°'^. 

Under its sub-algebra usp(4) the algebra s[(5) splits as 24 — 10 + 14 into its 
compact and non-compact part, respectively. The elements L = LM^t^^ n accord- 
ingly decompose as 

Lab"' = 2A^^^X] + ^"'ab . (6.22) 

The SL(5) vector indices M are now represented as antisymmetric, symplectic 
traceless index pairs [ab] of USp(4). In accordance with f l6.20p . A and S satisfy 
A[/(]b], = 0, S'^^b = 0, = = ilab^^'^d- Note that this in particular 

implies the relation 

^ae^fc/S^-^cd = ^ce^cZ/S'^'^afe , (6.23) 

i.e. viewed as a 5 x 5 matrix S is symmetric. In the split (16.221) . the commutator 
(16. ip between two elements Li = (Ai, Si), L2 = (A2, S2) takes the form 

[Li,L2] = L, (6.24) 
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with L = (A, S) according to 

Ab sr^ de sr^ be sr^ de sr^ be , \ e \ b \ c \ b 

a — ^1 ae^2 de ~ ^2 ac ^1 de + -'n a ^^2 c — ^^2 a c , 

= -2Si^['=,,A2e"l +2Si^'^,[,A2,f + 2S2^[^,,Ai/l -2E/'^,[„Ai,f . (6.25) 

The scalars of the supergravity multiplet parameterize the coset space SL(5)/SO(5). 
They are described by an SL(5) valued matrix Va/'^* = Vm''^^^ with Vn^'^^ab = 0. 
Infinitesimally, the transformations (16.181) take the form 

5Vm"^ = Lm^Vn""^ + 2VM"'"Ac^ka;) , L G sl(5) , A(a;) G usp(4) . (6.26) 

The gauged theory is formally invariant under SL(5) transformations only if the em- 
bedding tensor (16. 6p is treated as a spurionic object that simultaneously transforms 
under SL(5). Once B is frozen to a constant, the theory remains invariant under 
local Go X USp(4) transformations 

SVm"' = gA'^'^ix) Xpq^m"" Vn"' + 2V,/''^Ac''(x) , (6.27) 

parameterized by matrices A*'^^(x) and Ka{x), respectively. 
The inverse of Vm"'^ is denoted by Vab^ ■, i-e. 

Va/'V,,^ = 5^, , V,/^Va/' = C - -^^ab^'" ■ (6.28) 

Later on we need to consider the variation of V, for example in order to derive 
field equations from the Lagrangian or to minimize the scalar potential. Since V is 
a group element, an arbitrary variation can be expressed as a right multiplication 
with an algebra element of SL(5) 

5Vm"' = VA/"i:c/'(x) = VA/"S'^'cd(x)-2VAf*A/](a;) • 

Since the last term simply describes a USp(4) gauge transformation which leaves 
the Lagrangian invariant it will be sufficient to consider general variations of the 
type 

Sj^m""' = VM"'T.'^\d{x) . (6.29) 

The 14 parameters of S correspond to variation along the manifold SL(5)/SO(5). 

Finally, we introduce the scalar currents and that describe the gauge 
covariant space-time derivative of the scalar fields. Taking values in the Lie algebra 
5[(5) they are defined as 

Va/^ {d.VM"' - 9AP^'^Xpq,m''Vn'"') = Pf.ab"' + 2Q^fJ^5jl , (6.30) 

in accordance with the split (16.221) . The transformation behavior of these currents 
is derived directly from (I6.27P and shows that they are invariant under local Go 
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transformations. Under local USp(4) transformations f l6.26p . P^ab^ transforms in 
the 14, while Q^a transforms like a USp(4) gauge connection 

5Q,a = D^K' = V.Aj + g^a'Ac" - Q.c'Aa' ■ (6.31) 

Thus takes the role of a composite gauge field for the local USp(4) symmetry and 
as such it appears in the covariant derivatives of all objects that transform under 
USp(4), for example 

DP cd. _ p cd , cyf\ [c p d\e _ cyf\ . p ^rf 

^ fi^ uab V y ab ' ■^'^fie uab fi[a ^ ub]e 

D^Vm"' = V^Vm''' + 2Q^J''V'},.^ - gA^'^XpQM^'VN'"' = Vm'" P.cd"', (6.32) 
where ip"" is an arbitrary object in the fundamental representation of USp(4). 



6.2.2 The T-tensor 

All bosonic fields of the theory come in representations of SL(5) while all fermionic 
fields come in representations of USp(4). The object mediating between them is 
the scalar matrix Va/"^. e.g. it is convenient to define the USp(4) covariant field 
strengths 

- v^^^e. VM-^v^^'^H^r^ , nf^.ab - K^^T^itu ' (6-33) 

which naturally couple to the fermion fields. More generally, the scalar matrix Vm""^ 
maps tensors Rm and S^'^ in the SL(5) representations 5 and 5, respectively, into 
(scalar field dependent) tensors R[ab], S^""^^ in the 5 of USp(4) as 

R[ab] = Vab^'RM , S^-'^ = Vm"' S"" . (6.34) 

Similarly, tensors Rmn, S'^^'^ in the SL(5) representations 10 and 10, respectively, 
give rise to (scalar field dependent) tensors R(ab), S^""^^ in the 10 of USp(4) as follows 

Rab = V^Q^^Vac^^Vbd^ Rmn -v^ Rmn = —V2Vm"'^Vn^'^ S[a^b][c^d]^ef , 

S"' = V2n,dVArVN'"'S^''' ^ 5^'^ = -V2Vab^'Vcd'' S^^^'^^'df S'^ , (6.35) 

where the normalization is chosen such that RabS"'^ = RmnS^^^ . 

Applying the analogous map to the embedding tensor Qmn,p'^ (16.31) leads to the 
T-tensor [18] 

- eMNPQRZ'''^'''V'\gV''fHV''abVs"'n3'' . (6.36) 
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We shall see in the next section, that this tensor encodes the fermionic mass matrices 
as well as the scalar potential of the Lagrangian. This has first been observed for 
the T-tensor in the maximal D = 4 supergravity [54J. 

Recall that the components Ymn and Z^^^'^ of B transform in the 15 and the 
40 of SL(5), respectively. Under USp(4) they decompose as 



15 + 40 ^ (l + 14) + (5 + 35) . 



(6.37) 



Accordingly, the T-tensor can be decomposed into its four USp(4) irreducible com- 
ponents that we denote by B, i?["^l[crf], C[ab\-i and C''*^^(cd), respectively, with index 
structures according to f l6.20p . This yields 



+ I C'aCe ^'^f)^b ~ \ ^b(e ^f)^a " 1^'''^ C'aCe ^f)b + l^'"^ (^^(e ^/)a 

+ J^ab Cg^^ 6^j-^ Of^^ + \p.(,[a C'^'^b]f + |^/[a C^'^b]e + J^ab C^^ef ■ (6.38) 



In appendices IC.ll IC.2I we present a more systematic account to these decomposi- 
tions in terms of USp(4) projection operators which simplify the calculations. In 
particular, the parameterization fl6.38p takes the compact form (lC.13p . 



For the components Ymn and Z ' the parameterization (16. 380 yields explicitly 



Ymn — Va/ '^^Vat'^'^ Yab,cd 



7MN,P 



iac)[ef] 



with 



Y 



ab,cd 



V2 



{Vtac^bd — l^ab^cd) B + Vtae^bfE^""^^ 



[cd\ 



Z{ab)[cd\ ^ _Lf]a[c(^d]6 ^ ±Qb[c(jd]a _ iQ'^eQbf (Jcd 



(6.39) 



where C'' = n'"'n'"^Ccd- Note that 9 and thus Ymn and Z^^''" are constant 
matrices. In contrast, the T-tensor and thus the tensors B, C are functions of the 
scalar fields. It is useful to give also the inverse relations 



B 

-D cd 
^ab 

/~iab 
^ cd 



x/2 

_1 QacQbds^ 

i i i i 1 ab,cd } 

5 

8r]ed^^"'^''"^' , 



Y 



ef,gh , 



(6.40) 
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Under the variation (16.291) of the scalar fields, these tensors transform as 

CS -D — —5 ^ cd -D afe , 
OS-D cd = cd — ^ ghij cd — ^ cdij ff/i + sl'^cd ~ 4" "cdj^ g/i -D e/ , 

+ 4 S'^-^, C^l^n - S'^-;, C^'^„ . (6.41) 

These variations will be relevant in the next section, since in the Lagrangian the ten- 
sors B, C appear in the fermionic mass matrices and in the scalar potential. Further- 
more, one derives from (I6.4ip the expressions for the USp(4) covariant derivatives 
of these tensors 

7-) 75 2 n ab TDcd 

J--'tJ.^ — —-^-t^tMcd -D ab , 

D^B'^Kd = -2BP^,/' - P^.H^'B^K, - P^cd^'B'^'gh + UC - i^^"'^^cd)PM,/^'^^5^^/ , 

D^C^' = lP,,f'A''' + 2n'^''P,J^^C'''ef , 

+ 4 P^Uc'^^n^-jk ^^"t" C'^Ln - fi"!" P^lg'^^C^Ln . (6.42) 

Since the T-tensor (I6.36P is obtained by a finite SL(5)-transformation from the em- 
bedding tensor (16. 3p . the SL(5)-covariant quadratic constraints (16. 4p directly trans- 
late into quadratic relations among the tensors B, C. e.g. the first equation of (16.50 
gives rise to 

[fi,ef^,yS + fiegfi//.S[^'^l[,,]] = 0, (6.43) 

while the second equation yields 

= 0. (6.44) 

These equations can be further expanded into explicit quadratic relations among 
the tensors -B, C . We give the explicit formulas in terms of USp(4) projectors in 
appendix IC.2[ They are crucial to verify the invariance of the Lagrangian (16.610 
presented in the next section. 

Let us close this section by noting that the T-tensor (16.360 naturally appears in 
the deformation of the Cartan-Maurer equations induced by the gauging. Namely, 
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the definition of tlie currents and (16.301) togetlier witli tlie algebra struc- 
ture fl6.25p gives rise to tfie following integrability relations 

^d^^.Q.]' + ^Qal^fQ.^c" = -2Pac[/'Pu]de''' ' 9 T^cd)[ae] ""^^ , (6.45) 

The terms in order g occur proportional to the T-tensor. They will play an impor- 
tant role in the check of supersymmetry of the Lagrangian that we present in the 
next section. The fact that these equations appear manifestly covariant with the 
full modified field strength H^^u^'^ on the r.h.s. is a consequence of the quadratic 
constraint f l6.44p . 



6.3 Lagrangian and supersymmetry 

In this section we present the main results of this chapter. After establishing our 
spinor conventions, we derive the supersymmetry transformations of the seven- 
dimensional theory by requiring closure of the supersymmetry algebra into the gen- 
eralized vector/tensor gauge transformations introduced in section [|j.l.2[ We then 
present the universal Lagrangian of the maximal seven-dimensional theory which is 
completely encoded in the embedding tensor 0. 

6.3.1 Spinor conventions 

Seven-dimensional world and tangent-space indices are denoted by /x, z/, . . . and 
m, n, . . ., respectively, and take the values 1,2, ... ,7. Our conventions for the F- 
matrices in seven dimensions are 

{r'", r"} = 2r7"^" (r™)t = r^, (r™)^ = -ct™c-^ (6.46) 

with metric of signature r] = diag(— 1, 1, 1, 1, 1, 1, 1) and the charge conjugation 
matrix C obeying 

C = C^ = -C-^ = -C^ . (6.47) 

We use symplectic Majorana spinors, i.e. spinors carry a fermionic representation 
of the i?-symmetry group USp(4) and for instance a spinor ip"- {a = 1, ... ,4) in the 
fundamental representation of USp(4) satisfies a reality constraint of the form 

ij^ = nabCij\ (6.48) 
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fields 


m 


r. 


aMN 




^abc 
A. 




little group SO (5) 


14 


16 


5 


10 


4 


1 


i?-symmetry USp(4) 


1 


4 


1 


1 


16 


5 


global SL(5) 


1 


1 


To 


5 


1 


5 


# degrees of freedom 


14 


64 


50 


50 


64 


14 



Table 6.1: The ungauged D = 7 maximal super-multiplet. 



where ip = ip'^T^. The following formula is useful as it captures the symmetry 
property of spinor product^ 

0,r(^V' = nac^''MC'Yi'^'^'Yc<p^ = (-i)^'=('+^) Qac^"'^,r'^''U' ■ (6.49) 

Products of symplectic Majorana spinors yield real tensors 

M'' ^aT^r ^aT^^r ^aT^^'r etc. (6.50) 

Finally, the epsilon tensor is defined by 

6.3.2 Supersymmetry transformations and algebra 

The field content of the ungauged maximal supergravity multiplet in seven dimen- 
sions is given by the vielbein e^™, the gravitino ip'^, vector fields A^^'^ , two- form fields 
Bm fiv, matter fermions x"'^'^i cind scalar fields parameterizing Vm*^^- Their on-shell 
degrees of freedom are summarized in Table 16.11 Note the symmetry in the distri- 
bution of degrees of freedom due to the accidental coincidence of the i?-symmetry 
group USp(4) and the little group S0(5). 

Under the i?-symmetry group USp(4) the gravitinos transform in the funda- 
mental representation 4 while the matter spinors x'^'"^ transform in the 16 represen- 
tation, i.e. 

^abX"'' = , xf"'"^^ = . (6.52) 

All spinors are symplectic Majorana, that is they satisfy 

= n,,C^l , (6.53) 

in accordance with fl6.48p . 

^Note that our conventions differ from those of [H] in that they use (pa = ^ab<t)^ , while in our 
conventions raising and lowering of indices is effected by complex conjugation (pa = {(j)"')* ■ 



X 



abc 



X 



ab]c 



Xabc — ^ad^be^cfCx' 
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We are now in position to derive the supersymmetry transformations. Parame- 
terizing them by = e°'{x) the final result takes the form 

+ ^?Af''^firfee% (6.54) 

up to higher order fermion terms. We have given the result in terms of the covari- 
ant variations A(e) of the vector and tensor fields introduced in fl6.13p . from which 
the bare transformations (5(e) are readily deduced. In the limit g ^ Q the above 
supersymmetry transformations reduce to those of the ungauged theory Upon 
switching on the gauging, the formulas are covariantized and the fermion transfor- 
mations are modified by the fermion shift matrices Ai and A2 defined by 

' 4v^V4 5 ) 

^ec^fd ^(jab _ ^ab . ^ 1 7 (jab^cd _^ l^ab^cd ^ ^^c[a(jb]d\ 

4 V 5 5 /J 

(6.55) 

in terms of the components of the T-tensor (16.381) . These will further enter the 
fermionic mass matrices and the scalar potential of the full Lagrangian fl6.6ip below. 
The coefficients in (16.541) are uniquely fixed by requiring the closure of the supersym- 
metry algebra into diffeomorphisms, local Lorentz and USp(4)-transformations, and 
vector/tensor gauge transformations (I6.12p . In particular, the fermion shifts (I6.55P 
are uniquely determined such that the commutator of two supersymmetry trans- 
formations reproduces the correct order g shift terms in the resulting vector/tensor 
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gauge transformations (16.121) . Specifically, one finds for the commutator of two 
supersymmetry transformations 

6(62)] = + (^Lorentz (e"^") + 5uSp(4) M + W (a"'"^, ^M,, • 

(6.56) 

Here, we denote by ^'^-D^ a covariant general coordinate transformation with pa- 
rameter i.e. 

= C^ + ^Lorcntz + 5uSp(4) (^^a') + W (a'"^, ^ff.) , (6.57) 

with the induced parameters 

mn /^fi mn 

£ — S 1 

£■ b _ _f/i/n b 

Sm^j = —CBm u^i — ^mnpqrC A^^ , 

K = -^^^P*l - e^^'^^.^ N - le^PQHS e^'^^^r . (6.58) 

In addition to these transformations the right hand side of (16.561) consists of general 
coordinate, Lorentz, USp(4), and vector/tensor gauge transformations with param- 
eters given by 

e'"" = ^Hjf "')l],ee2a (r™ + 8r/™^r/"«) + ^-A"^^],,e2a^'""e^ 

5v2 20v2 



b A derp Ibc] 

l^a = J'(de)[ac\ 



^MN ^ 72Va/'Ve/^^'''A'^^ , with A'^^ = -i=fi-('^e2ee? , 



2V2 



^f. = -^K,^fi-e2.r,.6? . (6.59) 

To this order in the fermion fields the fermionic field equations are not yet required 
for verifying the closure (I6.56P of the algebra. Closure on the three-form tensor fields 
S^j^p however makes use of the (projected) duality equation 

eM-pA...^^^^^(4)7v ^ g y^^^ ^ac^M v,,^n^2^,p + fermionic terms ,(6.60) 

This equation will arise as a first order equation of motion from the full Lagrangian 
upon varying w.r.t. the Sj^lp. We will confirm this in the next section. Note that 
also this duality equation appears only under projection with Ymn- 
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6.3.3 The universal Lagrangian 

We can now present the universal Lagrangian of gauged maximal supergravity in 
seven dimensions up to higher order fermion terms: 

- ^-^.aV'^'^^D^r, - \xahcPx'''' - \p,ah'''n,e^.dT^T''x'''' 



Xabc X 



izo 

+ e-'CyT, (6.61) 

with the tensors Ai, A2 from (I6.55P and the topological vector-tensor Lagrangian 
from dniS]): 



VT = X 



X 



9 

gyMNSlipio^S^^^ + -gZ^^^'^BxapBrnQ + ^T^f B^^p 

9 

+ ^g^MNPQRZ''''^^A^/(d^A'j^ + ^^7X,^,^«A^^Af 
+ f 6MPQT^ e^K5VH.<^Af«Af (9,A^^)(a,Ar^) 

+ ^g^MPQRs ^ntuzaXvw,xy^^A^^^ A^^ A^p^ A\^ A-^^ d^A^^ 

— -jg ^MPQBC ^NVWDE^RS,TU -^XY,ZA ^\ 



This Lagrangian is the unique one invariant under the full set of non-Abelian vec- 
tor/tensor gauge transformations f l6.12p and under local supersymmetry transfor- 
mations fl6.54p . Furthermore it possesses the local USp(4) invariance introduced 
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in fl6.18p . and is formally invariant under global SL(5) transformations if the em- 
bedding tensor 9 is treated as a spurionic object that simultaneously transforms. 
With fixed B, the global SL(5) is broken down to the gauge group. 



In the limit g the three-form fields Sj^l decouple from the Lagrangian 



and f l6.6ip consistently reduces to the ungauged theory of [9lj with global SL(5) 
symmetry. Upon effecting the deformation by switching on g, derivatives are co- 
variantized — > and the former Abelian field strengths are replaced by the 
full covariant combinations Ti.^'^^ and Ti.^^^ from (16.111) . The extended gauge invari- 
ance fl6.12p moreover requires a unique extension of the former Abelian topological 
term which in particular includes a first order kinetic term for the three-form fields 
Sj^lp. As a consequence, the duality equation (16.601) between the two-form and the 
three-form tensor fields arises directly as a field equation of this Lagrangian. This 
ensures that the total number of degrees of freedom is not altered by switching on 
the deformation and does not depend on the explicit form of the embedding tensor. 

In order to maintain supersymmetry under the extended transformations f l6.54p . 
and in presence of the deformed Bianchi and Cartan-Maurer equations fl6.14p . fl6.45p . 
the Lagrangian finally needs to be augmented by the bilinear fermionic mass terms 
in order g and a scalar potential in order g^. These are expressed in terms of the 
scalar field dependent USp(4)-components B, C of the T-tensor. Cancellation of 
the terms in order g"^ in particular requires the quadratic identities fl6.43p . fl6.44p . 
expanded in components in flC.16p . flC.17p . In particular, these identities give rise 



to 

g^2'"^''^2b,cde ~ ^^^T^lbc = '^^b (^gM''"^''^2f,cde ~ ^^^'I'^lcdj (6-62) 

featuring the scalar potential on the r.h.s. and needed for cancellation of the super- 
symmetry contributions from the scalar potential. Indeed, the scalar potential which 
contributes to the Lagrangian (16.6 ip in order g"^ may be written in the equivalent 
forms 

V = --^ (1552 + 2C'''Cab - 2B-\aB''\, - 2C["''l(,,)q,fc](^'^)) 

i/o 

= i|A2|'- 15|Ai|2 . (6.63) 

o 

Under variation of the scalar fields given by 5s Vm"* = '^"'^cd Vm'^'^ the potential varies 
according to 

+ ^c^''\enCU'^^j:^''\ab] - lc^''\anC^'^\be)^^'''\cd^ , (6.64) 

which in particular yields the contribution of the potential under supersymmetry 
transformations. Moreover, equation (I6.64p is important when analyzing the ground 
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states of the theory since 6y:V = is a necessary condition for a stationary point of 
the potential. The residual supersymmetry of the corresponding solution (assum- 
ing maximally symmetric space-times) is parameterized by spinors e" satisfying the 
condition 

A^aMde" = . (6.65) 
The gravitino variation imposes an extra condition 

2A,abe' = ±v/-^/15fia6e' , (6.66) 
but the two conditions (16.651) and (16.661) are in fact equivalent by virtue of (l6.62p FI 

The full check of invariance of the Lagrangian (I6.6ip under the supersymme- 
try transformations (I6.54p is rather lengthy and makes heavy use of the quadratic 
constraints (16.40 on the embedding tensor and their consequences collected in ap- 
pendix [Uil] as well as of the properties of the SL(5)/USp(4) coset space discussed 
in the previous section. We have given the Lagrangian and transformation rules 
only up to higher order fermion terms; however one does not expect any order g 
corrections to these higher order fermion terms, i.e. they remain unchanged w.r.t. 
those of the ungauged theory. 

Let us finally note that the bosonic part of the Lagrangian (16.6 ip can be cast 
into a somewhat simpler form in which the scalar fields parameterize the USp(4)- 
invariant symmetric unimodular matrix A4mn 

Mmn = Vm"'V^^" QaAd , (6.67) 

with the inverse M^''^ = (Mmn)'^ = Vab^^Vcd^ Q'^^Q^'^. The bosonic part of the 
Lagrangian (I6.6ip can then be expressed exclusively in terms of USp(4)-invariant 
quantities and takes the form 

+l{d,MMNWM'''') + e-^£vT -g'V, (6.68) 
with the scalar potential 

+ Z^^^'^Z^^'^ [MmqMnrMps - MmqMnpMrs) • (6.69) 

^ More precisely, a solution of (|6.65p . (|6.66p tensored with a Killing spinor of AdSr (or seven- 
dimensional Minkowski space, respectively, depending on the value of V) solves the Killing spinor 
equations (^V'JJ — 0, (5x°'"^ = obtained from (j6.54p . 
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This is in analogy to the fact that the gravitational degrees of freedom can be de- 
scribed alternatively in terms of the vielbein or in terms of the metric. In particular, 
the scalar potential here is directly expressed in terms of the embedding tensor (16.61) 
properly contracted with the scalar matrix Ai without having to first pass to the 
USp(4) tensors B, C. In concrete examples this may simplify the computation and 
the analysis of the scalar potential. Of course, in order to describe the coupling to 
fermions it is necessary to reintroduce V, the tensors 5, C, and to exhibit the local 
USp(4) symmetry. 



6.4 Examples 

In this section, we will illustrate the general formalism with several examples. In 
particular, these include the maximally supersymmetric theories resulting from M- 
theory compactification on S'^ [95l [961 [971 [98] , as well as the (warped) type IIA/IIB 
compactifications on which so far have only partially been constructed in the 
literature. 

In order to connect to previous results in the literature, we first discuss the 
possible gauge fixing of tensor gauge transformations depending on the specific form 
of the embedding tensor. In sections 16.4.21 and 16.4.31 we consider particular classes 
of examples in which the embedding tensor is restricted to components in either the 
15 or the 40 representation. Finally, we sketch in section [6.4.41 a more systematic 
approach towards classifying the solutions of the quadratic constraint (16.41) with 
both Ymn and Z'^^^'^ non- vanishing. Our findings are collected in Table [631 

6.4.1 Gauge fixing 

We have already noted in section 16.1.21 that the extended local gauge transforma- 
tions (I6.12P allow to eliminate a number of vector and tensor fields depending on the 
specific form of the components Ymn and Z^'^^'^ of the embedding tensor. More 
precisely, s = rankZ vector fields can be set to zero by means of tensor gauge 
transformations of (I6.12p . rendering s of the two-forms massive. Here, Z^^^'^ is 
understood as a rectangular 10x5 matrix. Furthermore, t = rankV of the two-forms 
can be set to zero by means of tensor gauge transformations 5$. The t three-forms 
that appear in the Lagrangian (16.611) then turn into self-dual massive forms. The 
quadratic constraint (16.51) ensures that s + t < 5. Before gauge fixing, the degrees 
of freedom in the Lagrangian (16.611) are carried by the vector and two-form fields 
just as in the ungauged theory (Table 16.11) while the three-forms appear topologi- 
cally coupled. After gauge fixing the distribution of these 100 degrees of freedom 
is summarized in Table 16.21 In a particular ground state, in addition some of the 
vectors may become massive by a conventional Brout-Englert-Higgs mechanism. 
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fields 


# 


#dof 


massless vectors 


10 -s 


5 


massless 2-forms 


5 - s -t 


10 


massive 2-forms 


s 


15 


massive sd. 3-forms 


t 


10 



Table 6.2: Distribution of degrees of freedom after gauge fixing. 



Let us make this a little more explicit. To this end, we employ for the two- forms 
a special basis Bm = (-Bx, -Ba), x = 1, . . . ,t; a = t+1, . . . , 5, such that the symmetric 
matrix Ymn takes block diagonal form, Y^y is invertible (with inverse Y^^), and all 
entries Y^^, Y^p vanish. For the tensor Z the quadratic constraint (16.41) then implies 
that only its components 

are non- vanishing and need to satisfy 

Y.^yZy^^" + 2e,MNPQZ'''''^''Z'''^^f = 0. (6.71) 

Gauge fixing eliminates the two-forms which explicitly breaks the SL(5) covari- 
ance. Supersymmetry transformations thus need to be amended by a compensating 
term 5°'^*(e) = (5°^'^(e) + 5($^j^). It is convenient to define the modified three-forms 

^ 9-'Y-''>^%y = S;,^ + 6g-'Y^yeyMNPQAfi''d^A^I' + . . . ,(6.72) 

which are by construction invariant under tensor gauge transformations and will 
appear in the Lagrangian as massive fields. Their transformation under local gauge 
and supersymmetry is given by 

ms^p = -v„,-(|i^"^e,r[,.^J] + ^6er,.,x'^''^) 

-3g-'Y^y eyNPQRn{^l''''Vab^'^V,dV\n'^%rp] + ¥eTp^x'n 
-3(7-iF^^D[^((fi,,e6r,V^^] - il^ac^^6deer.p]X^'^)V/'') . (6.73) 

In the Lagrangian these fields appear with a mass term descending from the kinetic 
term of the modified field strength tensor H^^pab = Vab°'Ti-^^upa + gY^yVab^Sy^p and 
a first order kinetic term from the Chern-Simons term 

CvT = -Ige^'^^'-^^Y^y Sl^pD^Sl^, + . . . . (6.74) 

The remaining terms in the expansion (16.721) in particular lead to terms A OA OA OA of 
order g~^ in the topological term which obstruct a smooth limit back to the ungauged 
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theory. Indeed these terms have been observed in the original construction of the 
SO(p, q) gaugings [95]. Generically the gauge fixing procedure described above leads 
to many more interaction terms between vector and tensor fields than those that 
are known from the particular case of the SO(p, q) theories. 

6.4.2 Gaugings in the 15 representation: 

SO{p,b—p) and CSO{p, q,b—p—q) 

As a first class of examples let us analyze those gaugings for which the embedding 
tensor B lives entirely in the 15 representation of SL(5), i.e. Z^^'^ = 0, and the 
gauge group generators (16.71) take the form 

{Xmn)p^ = ^^M^N]p ■ (6.75) 

In this case, the quadratic constraint (16.41) is automatically satisfied, thus every 
symmetric matrix Ymn defines a viable gauging. Fixing the SL(5) symmetry (and 
possibly rescaling the gauge coupling constant), this matrix can be brought into the 
form 

Ymn = diag( 1, . ^ -1,^ . . ^ 0,^. .) , (6.76) 

p q r 

with p + q + r = 5. The corresponding gauge group is 

Go = CSO(p, q, r) = SO{p, q) tx , (6.77) 

where the Abelian part combines r vectors under SO(p, q). This completely classifies 
the gaugings in this sector. The scalar potential (I6.69P reduces to 

V = i(2A1*^^F^pA<^%M-(-M*'^W) ■ (6.78) 

From Table [6^ one reads off the spectrum of these theories (s = 0, t = 5 — r): after 
gauge fixing it consists of 10 vectors together with r massless two-forms and 5— r self- 
dual massive three- forms. In particular, a nondegenerate Ymn = 0) corresponds 
to the semi-simple gauge groups S0(5), S0(4, 1) and SO(3,2) that have originally 
been constructed exclusively in terms of vector and three-form fields [95l |99] . 

The SO (5) gauged theory has a higher- dimensional interpretation as reduction 
of D = 11 supergravity on the sphere S"^ [961 EH [98]. Accordingly, its poten- 
tial fl6.78p admits a maximally supersymmetric AdSy ground state. The theories 
with CSO(p, g, r) gauge groups are related to the compactifications on the (non- 
compact) manifolds if^'' o T'^ jlOOj . These are the four-dimensional hyper-surfaces 
of defined by 

v^^ e . (6.79) 



Ymnv^'v^ 
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A particularly interesting example is the CS0(4, 0, 1) theory which corresponds to 
the compactification of the ten-dimensional type IIA theory. The bosonic part 
of this theory has previously been constructed in [lUl] . In order to derive its scalar 
potential from fl6.78p it is useful to parameterize the coset representative V as 

V = e^"^'^V^e^'\ (6.80) 

where V4 is an SL(4)/SO(4) matrix and to, denote the S0(1, 1) and four nilpotent 
generators, respectively, in the decomposition SL(5) SL(4) x S0(1,1). For the 
matrix Ai this yields a block decomposition into 

Mmn = ^ ^80^^ J (6.81) 

with M = 1/4 V^. Plugging this into (lUTHD with Ymn = diag(l, 1, 1, 1, 0) yields the 
potential 

V = ^e^<^(2M™"5„fcM^'<5;„-(M""5„„)2) , (6.82) 

(where MmkM^"' = 5^) in agreement with jlOlj . The presence of the dilaton pre- 
factor e^"^ shows that this potential does not admit any stationary points, rather the 
ground state of this theory is given by a domain wall solution corresponding to the 
(warped) reduction of the type IIA theory |lUlt 1102] . 

We can finally determine all the stationary points of the scalar potentials f l6.78p 
in this sector of gaugings. The variation of the potential has been given in (16.641) . 
Since Z^^^'^ = 0, the tensors C°*, C^"'''\cd) vanish such that requiring Sy;V = 
reduces to the matrix equation 

2B^-BB = iTr(2B2 - fiB)l5 , (6.83) 

for the traceless symmetric matrix B = B^^-^^cd], where I5 denotes the 5x5 unit ma- 
trix. According to (16.401) B is related by v^Y = B + i? I5 to the matrix Y = Y[ab],[cd]- 
Fixing the local USp(4)-invariance the matrix B can be brought into diagonal form. 
Equation (16.831) then has only three inequivalent solutions 

B oc diag(0, 0, 0, 0, 0) =^ Y = diag(l, 1, 1, 1, 1) , 
B oc diag(l, 1, 1, 1, -4) =^ Y = 2~i/Miag(l, 1, 1, 1, 2) , 
B oc diag(l, 1, 1, -3/2, -3/2) =^ Y = diag(0, 0, 0, 1, 1) . (6.84) 

The first two solutions correspond to the SO (5) and the SO (4) invariant station- 
ary points of the theory with gauge group S0(5) [HSl EH]- The third solution is 
a stationary point in the CSO(2,0,3) gauged theory. We will come back to this 
in section 16.4.41 and show that it gives rise to a Minkowski vacuum related to a 
Scherk-Schwarz reduction from eight dimensions. 
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Analyzing the remaining supersymmetry of these vacua we note that in this 
sector of theories Af' oc fi"*. According to (16.661) thus supersymmetry is either com- 
pletely preserved (A/" = 4) or completely broken (A/" = 0). Only the first stationary 
point in (16.841) preserves all supersymmetries: this is the maximally supersymmetric 
AdSy vacuum mentioned above. 

6.4.3 Gaugings in the 40 representation: 

S0{p,4:-p) and CS0{p,q,4:-p-q) 

Another sector of gaugings is characterized by restricting the embedding tensor to 
the 40 representation of SL(5), i.e. setting Ymn = 0. These gaugings are parame- 
terized by a tensor Z^'^^'^ for which the quadratic constraint (16. 4p reduces to 

eMRSTU Z^'''^ Z^^'^ = 0. (6.85) 

Rather than attempting a complete classification of these theories we will present a 
representative class of examples. Specifically, we consider gaugings with the tensor 

ZMN,P ^ ^[M^N]P ^ (g gg) 

in terms of a vector and a symmetric matrix w'^^^ = w^^^^\ This Ansatz 
automatically solves the quadratic constraint (I6.85P and thus defines a class of viable 
gaugings. The SL(5) symmetry can be used to further bring v^^ into the form 
_ introducing the index split M = (z, 5), i = 1, . . . , 4. The remaining SL(4) 
freedom can be fixed by diagonalizing the corresponding 4x4 block w'^^ 

= diag( l^^l^O^) . (6.87) 

p q r 

For simplicity we restrict to cases with w^^ = w^^ = 0. The gauge group generators 
then take the form 

iX,,)k' = 2eijkmw"'' , (6.88) 

and generate the group CSO(p, q, r) with p-|-g + r = 4. According to Table [621 these 
theories contain only vector and two-forms, 4— r of which become massive after gauge 
fixing. The scalar potential is obtained from (I6.69p and in the parameterization 
of (16.801) takes the form 

V = le''^ b^w^^'^Mki w'^ 6„ + ie^<^ (2 M^^w'^'^Mkiw'^ - {M^^w^^f) . (6.89) 

A particularly interesting case is the theory with r = and compact gauge group 
SO (4). The existence of this maximal supergravity in seven dimensions was an- 
ticipated already in [ 103j in the context of holography to six-dimensional super 
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Yang-Mills theory. Indeed, its spectrum should consist of vector and two-form ten- 
sor fields only (cf. Table IV in [104j ). Its higher- dimensional origin is a (warped) 
reduction of type IIB supergravity. Again, this is consistent with the fact that due 
to the presence of the dilaton pre-factor the potential (I6.89I) in this case does not 
admit any stationary points but only a domain wall solution. So far, only the M = 2 
truncation of this theory had been constructed jl05l 1106] , in which the scalar mani- 
fold truncates to an GL(4)/SO(4) coset space and only a single (massless) two-form 
is retained in the spectrum. 

In analogy to the discussion of the last section it seems natural that the other 
CSO(p, g, r) gaugings in this sector are related to reductions of the type IIB theory 
over the non-compact manifolds H^''^ o T^. In particular, the potential (16.891) of 
the CS0(2, 0,2) theory admits a stationary point with vanishing potential. This is 
related to the Minkowski vacuum obtained by Scherk-Schwarz reduction from eight 
dimensions as we will discuss in the next section. 

6.4.4 Further examples 

We will finally indicate a more systematic approach towards classifying the general 
gaugings with an embedding tensor combining parts in the 15 and the 40 represen- 
tation. To this end, we go to the special basis introduced in section 16.4.11 in which 
the only non-vanishing components of the embedding tensor are given by 

Y^y , , Z"^'^ , (6.90) 

with rank Y = t, and the range of indices x,y = 1, . . . ,t and a, f3 = t + l,...,5 . 
Further fixing (part of) the global SL(5) symmetry, the tensor Y^^y can always be 
brought into the standard form 

Y,y = diag( 1^^-W) • (6.91) 
p 1 

The possible gaugings can then systematically be found by scanning the differ- 
ent values of t, p, and g, and determining the real solutions of the quadratic con- 
straint (16.711) . We will in the following discuss a (representative rather than com- 
plete) number of examples for the different values of t. A list of our findings is 
collected in Table 16.31 

t = 5 

From (16.901) one reads off that a nondegenerate matrix Ymn implies a vanishing 
tensor Z^^^'^ . Thus we are back to the situation discussed in section I6.4.2[ The 
possible gauge groups are S0(5), S0(4, 1), and SO(3,2). 
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t = 4 

The quadratic constraint (16.711) implies that also in this case the tensor Z^^'^ 
entirely vanishes. These gaugings are again completely covered by the discussion of 
section[n32l with possible gauge groups CS0(4, 0, 1), CS0(3, 1, 1), and CS0(2, 2, 1). 



t = 3 

Now we consider the cases Ymn = diag(l, 1, ±1, 0, 0). In this case the tensor Z may 
have non-vanishing components for which the quadratic constraint (16.711) imposes 

e^y^Zy^^-'e^sZ^'^^ = \Yx^Z^''^^ . (6.92) 

For Z = 0, these gaugings have been discussed in section [6. 4. 2[ with possible gauge 
groups CS0(3, 0, 2) and CS0(2, 1, 2). There, gauge group generators take the form 

N _ I A^(t^)a;^ Qxc 



Lm^ = n ' Q-eM, (6.93) 

\ U2x3 U2x2 / 

where (t^)^^ = ^^^^Yux denote the generators of the adjoint representation of the 
semi-simple part so{p,3 — p) and the Q^a parameterize the 6 nilpotent generators 
transforming as a couple of 3 vectors under so{p,3 —p). The components Z"'^''^ 
are not constrained by (I6.92p and may be set to arbitrary values Z"^''*' = e"^f 
parameterized by a two-component vector v'^ without altering the form (I6.93P of the 
gauge group. For the remaining components 2'^"'^, equation (I6.92p shows that the 
2x2 matrices (S^)^^ = —IGea-yZ^'^''^ satisfy the algebra 

[S^, S^] = 2e^s'"r„^ , (6.94) 

i.e. yield a representation of the algebra so(3) or so(2, 1), respectively, depending 
on the signature of Y^z- A real non- vanishing solution of (16.921) thus can only exist 
in the so(2, 1) sector, i.e. for Ymn = diag(l, 1, — 1, 0, 0). It is given by Z^"'^ = 
— ^ e°'^ (S^)^^ with the expressed in terms of the Pauli matrices as 

= ai , = (T3 , = ia2 , (6.95) 

and providing a real representation of so(2, 1). In this case, the gauge group gener- 
ators schematically take the form 



2 



such that the semi-simple part so (2, 1) is embedded into the diagonal. The nilpotent 
generators Qxa now transform in the tensor product 3®2 = 2 + 4of so(2, 1) and 
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moreover turn out to be projected onto the irreducible 4 representation. Compared 
to (16.931) . the gauge group thus shrinks to 

so(2, 1)kR^. (6.97) 

Again, further switching on Z"'^''^ does not change the form of the algebra. None of 
the theories in this sector possesses a stationary point in its scalar potential. 

t = 2 

In the case Ymn = (1,^1,0,0,0) only the Z"^'"^ components are allowed to be 
nonzero in order to fulfill the quadratic constraint (16.711) . These components can be 
parameterized by a traceless matrix Za^ as 

^«/3,7 = ie^/^-^z/ . (6.98) 
For this solution the gauge generators take the form 

i^M^ = ( i^'"' V ^ ^ ^ ' e M , (6.99) 

\ U3x2 AZq,^ y 

where ^2 = (tIo) denotes a generator of so(2) or so(l,l), respectively, and Q^" 
parameterizes a generically unconstrained block of six translations. Thus, generically 
the gauge group Gq in this case is seven- dimensional, namely either Gq = S0(2) xM^ 
or Go = S0(1, 1) K M^. The number of independent translations is reduced in case 
the equation 

t2Q-QZ = 0, (6.100) 

has nontrivial solutions Q. In this case, the gauge group shrinks to Go = S0(2) x 
or Go = S0(1, 1) K W, with s = 4, 5. The scalar potential in this sector can be 
computed from (I6.69P and takes the form 

F = ^ (2Tr [Y'] - {TiYy + 2 (detM^^) Tr [Z^]) , (6.101) 

in terms of the matrices Y^^ = Y^.M^y and = Zi^^^ M6)^M^'^ . Here, M^^^ 
and M.ai3 denote the diagonal blocks of the symmetric unimodular matrix defined 
in fl6.67p . and M.a-yM'^^ = Since the matrix Y^^ has only two non- vanishing 
eigenvalues, this potential is positive definite. In particular, this implies that V = Q 
is a sufficient condition for a stationary point. It further follows from (16.1011) that 
V only vanishes for Y^^ oc and Z(^a^ M.^-^^ = 0, i.e. for compact choice of ^2 
and Z. With vanishing Z or vanishing ^2 one recovers the Minkowski vacua in the 
CS0(2, 0, 3) and the CS0(2, 0, 2) theory, respectively, discussed in sections [6.4.21 and 
16.4.31 above. 
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In turn, every compact choice of ^2 and Z defines a theory with a Minkowski 
vacuum in the potential The gravitino masses and thereby the remaining super- 
symmetries at this ground state are determined from the eigenvalues of Ax ah (16.661) 
according to 

Half of the supersymmetry [M = 2) is thus preserved iff TrZ^ = —2. With (16.1001) 
one finds that precisely at this value the dimension of the gauge group decreases 
from 7 down to 5; the group then is CS0(2, 0, 2). 

All the gaugings in this sector have a well defined higher- dimensional origin, 
namely they descend by Scherk-Schwarz reduction [107] from the maximal theory in 
eight dimensions. Indeed, Scherk-Schwarz reduction singles out one generator from 
the SL(2) X SL(3) global symmetry group of the eight- dimensional theory jl08j . 
With the seven-dimensional embedding tensor branching as 

Y : 15 ^ (3,l) + (2,3) + (l,6) , 

Z : 40 ^ (1,3) + (1,8) + (2,1) + (2,3) + (2,6) + (3,3) , (6.103) 

a Scherk-Schwarz gauging corresponds to switching on components (3, 1) + (1, 8) in 
the adjoint representation of SL(2) x SL(3). This precisely amounts to the param- 
eterization in terms of matrices Y^y, Za^ introduced above. We have seen that for 
compact choice of ^2 and Z, the potential (16.1011) admits a Minkowski ground state 
as expected from the Scherk-Schwarz origin. Moreover, we have shown that for a 
particular ratio between the norms of ^2 and Z, this ground state preserves 1/2 of 
the supersymmetries. 

t = 1,0 

As t becomes smaller, the consequences of the quadratic constraint (16.711) become 
more involved. We refrain from attempting a complete classification in this sector 
and refer to the examples that we have discussed in sections 16.4.21 and 16.4.31 above. 
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t 








gauge group 


stat. point 


susy 


5 


(+ + + ++) 






S0(5) 


X , X 


4,0 


5 


(+ + + + -) 






S0(4,l) 


— 




5 


(+ + + —) 






SO(3,2) 


— 




4 


(+ + + + 0) 






CSO(4,0, 1) 






4 


(+++- 0) 






CS0(3,1,1) 






4 


(++— 0) 






CSO(2,2,l) 






3 


(+++0 0) 






CSO(3,0,2) 






3 


(++-0 0) 






CSO(2,l,2) 






3 


(++-0 0) 




3^e^°(S-)/ 


SO(2,1)xR4 






2 


(++ 000) 


1 a/Jd 7 7 




S0(2)kM^ 


X 


2^0 


2 


(+- 000) 






S0(1,1)><M''- 






1 


(+0000) 






CSO(1,0,4) 









(00000) 






S0(p,4-p) 









(00000) 






CSO{p,q,r) 
{p+q+r = 4) 


X 

(p = 2 = r) 






Table 6.3: Examples for gaugings oi D = 7 maximal supergravity. 
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Chapter 7 



The maximal supergravities in 

d = 2 



In this chapter we present the embedding tensor and the bosonic Lagrangian (up 
to the scalar potential) of gauged maximal supergravity in two dimensions. Dimen- 
sional reduction of gravity and supergravity to two dimensions yields an effective 
theory which is an integrable classical theory and whose symmetry group is infi- 
nite dimensional [1091 IllOl (for an introductory presentation we refer to [112J ). 
For the particular case oi d = 2 maximal [N = 16) supergravity the integrability 
and the symmetry structure are well known [1131 1114^ 1115] . The global symmetry 
group is the affine Lie group Gq = £9(9) and the infinite tower of dual scalars that 
can be introduced onshell arrange in the coset space E9(9)/ii'(E9), where -^'(£9) is 
the maximal compact subgroup of £9(9). In the next section we apply the general 
method of the embedding tensor to this particular situation. We find the embedding 
tensor and the vector gauge fields to transform in the (dual) basic representation 
of £9(9) and we work out the quadratic constraint on the embedding tensor. In the 
second section of this chapter we first introduce the ungauged maximal d = 2 super- 
gravity, explain its integrability structure and finally give the bosonic Lagrangian 
of the gauged theory. Examples of gaugings include those that originate from torus 
reduction of higher dimensional supergravity and the SO (9) gauging that descend 
from a warped sphere reduction of IIA supergravity. 

7.1 The embedding tensor 

7.1.1 Symmetry algebra and basic representation 

The global onshell symmetry group of ungauged d = 2 maximal supergravity is 
Go = E9(9). The corresponding algebra C9(9) is an infinite dimensional affine Lie 
algebra or Kac- Moody algebra [11611117] . In this subsection we give a description of 
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e9(9) starting from the finite Lie algebra ts{8) ■ The e8{8) generators to, (a = 1 . . . 248) 
obey 

[ta,tl3] = faff ^ , (7.1) 

with structure constants To lower and raise algebra indices a we use the 

Cartan Killing form 

V'-' = ■ (7.2) 

We now consider the loop group of £§(8). Its algebra generators are T™, m G Z, and 
the commutator reads 

[Tr,T^1 = /a/T7+". (7.3) 

This commutator is naturally obtained by introducing a complex spectral parame- 
ter y and identifying T™ with the formal product of the e8(8) generators and a power 
of y, namely T™ = y"^ta- The spectral parameter will be essential later for the 
description of the linear system of d = 2 maximal supergravity. The Lie algebra of 
£9(9) is given by the unique central extension of the above loop algebra |116[ I117j . 
The central element is denoted by k. The algebra reads 

[Ta, T^] = + m r/,^ 5°'-+" , [k, T^] = . (7.4) 

We will refer to the e8{8) subalgebra spanned by the generators T° as the zero-mode 
algebra. There is a natural action of the Witt-Virasoro algebra on the generators 
T^. The Witt-Virasoro algebra has generators L^, m G and is given by 

[Lm, Ln] = {m-n) Lm+n ■ (7.5) 

In terms of the spectral parameter we can identify = —y"^^^dy which yields the 
commutators 

[L^,T^] = -nT^+- , [L^,k] = . (7.6) 

In order to define an invariant non-degenerate inner product on 69(9) one needs to 
pick one of the generators Lm in addition to T™ and k. The inner product is then 
defined on these generators and is invariant under their action, but it is not invariant 
under the action of the remaining Witt-Virasoro generators. Usually one chooses Lq, 
but it is crucial for our construction to choose Li. The reason is that for a generic 
gauging we are going to discuss Li becomes a generator of the gauge group while Lq 
remains ungauged. For gauge invariance we therefore need an inner product which 
is invariant under Li. It is given by 

(T^, T^) = r7„;35"+"'^ , (Li, k) = -l, all others zero. (7.7) 



VaP go fas'^ ffi-y j 



96 



CHAPTER 7. THE MAXIMAL SUPERGRAVITIES IN D = 2 



One can easily check that this inner product is indeed invariant under T^, k and 
Li actioE0. 

Having thus defined the global symmetry algebra we now turn to its represen- 
tation theory. An irreducible representation of 69(9) is first of all characterized by 
its level, i.e. by its value of k. For the adjoint representation defined by the com- 
mutators (17.41) we have k = o|§ The adjoint representation is not a highest weight 
representation, in contrast to the case of finite dimensional Lie algebras. Highest 
weight representations of affine Lie algebras only exist for k > 0, and in fact the 
possible values for k are quantized |116[ 1117] . in our case G N. For E9(9) there is 
a unique highest weight representation with k = 1 called the basic represent at ioii§. 
The embedding tensor and the vector fields of d = 2 maximal supergravity trans- 
form in the (dual) basic representation. It is therefore this particular highest weight 
representation which we need to understand in detail. 

In addition to the value of k one needs to specify an irreducible vacuum represen- 
tation of the zero-mode algebra in order to completely determine the highest weight 
representation of an affine Lie algebra. The vacuum representation is annihilated by 
T™, m < 0, and all other states can be constructed via the action of T™, m > 0. In 
case of the basic representation the vacuum state is a singlet of E8(8). We therefore 
denote the basic representation by Q\, where the superscript refers to the value of 
k and the subscript indicates the vacuum representation. The Lq grading of the 
algebra generators (m = zero modes, m = 1 first level, etc.) carries over to 
the basic representation. We choose Lq = for the vacuum singlet. Acting with 
yields a 248 representation of E8{8) at level Lq = 1. Acting again with yields 
several irreducible components at level Lq = 2, namely a singlet 1, a 248 and a 
3875. The decomposition of Q\ under E8(8) yields an infinite number of irreducible 
E8(8) representations, but finitely many for each Lq level. For Lq < 6 these E8(8) 
irreducible components and their multiplicities are listed in table 17. 1[ 

For the lowest Lq levels we now explicitly give the action of e9(9) on the basic 
representation. We denote by X', and the 1, 248 and 3875 component, at 
level Lq = I = 0,1,2. Since only contains a 3875 representation it obeys 

Zl^ = ZIp) , = , //^ Zip = 2Z\,. (7.8) 

The compact version of these equations is {J^-i^T^a^'^^ Z^^^ = Zi^g, where the projector 
is given by [118] 

(^3875)./' = \ 51J% - l.Vaf^v'' - \Uo?fp)'' • (7.9) 

We denote the action of and L^ by 5™ and 5™, respectiveljfl. We have the zero 



1 The value of (Li, k) is fixed by the invariance condition ([T™, Li], T^) + (Li, [T™, T^]) = 0. 
^Note that the adjoint and the co-adjoint representation are not equivalent here. 
^For larger values of k there more highest-weight representation. 

4 



Note the sign in the general relation [5x, 5y] = —5^x.y]- 
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i\ ypnrpcipnf on c; 




n 


1 

X 












1 




248 










2 


1 


248 


3875 








3 


1 


2482 


3875 


30380 






4 


I2 


2483 


38752 


30380 


27000 147250 




5 


I2 


2485 


38753 


303803 


27000 147250 


779247 


6 


I4 


2487 


38756 


303804 


27OOO3 I4725O2 


7792472 2450240 



Table 7.1: Decomposition of the Eg^g) basic representation into irreducible Eg(g) com- 
ponents. These Eg^g) representations have a natural Lq grading. The total number of 
components is infinite, here we only list those with Lq < 6. The subscripts indicate the 
multiplicity of the representations. 



mode action 

5°X' = 0, sOy;, = -UpX, etc. (7.10) 
The action of the positive level generators reads 

= 5 ^i^P = Va/3 X"^ + fal3^ + i 

dlX"" = -2Yl , etc. (7.11) 
The negative level generators act as 

6-'X' = lY^, 5-%'=Va^X\ 

6~'Y^ = -7]apX\ etc. (7.12) 
Finally, the action of the Witt-Virasoro generators is given by 



6lX' = IX\ 6lX' = 4X' , 6l'X^ = , 

SK = iyL SlY^ = -2Y^, Sl'Y^ = -Y^, etc. (7.13) 

We thus explicitly gave the symmetry action for levels / < 2 of Q^. These levels will 
be found to be already sufficient to explain the gaugings that originate from torus 
reductions of higher- dimensional gauged maximal supergravity. 



7.1.2 Vector gauge fields 

In order to apply the general formalism of chapter [3] to the description of gauged 
maximal supergravities in = 2 we first need to introduce vector gauge fields in a 
particular representation of Go = E9(9). But in contrast to all higher dimensions in 
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(i = 2 it is a priori not clear which is the appropriate Go-representation. For d > A 
the vector fields already appear in the Lagrangian ungauged theory. For d = A only 
the electric vector fields appear in the Lagrangian, but only together with their dual 
magnetic vector fields they form a representation under the global symmetry group 
Go- Therefore, for the gauged theory also the magnetic vector fields are introduced 
in the Lagrangian. For d = 3 the ungauged theory can be formulated entirely in 
terms of scalars, but in the gauged theory also their dual vector fields are introduced 
as gauge fields in the Lagrangian [201 EH ES] • Im d = 2 the reasoning for a particular 
vector field representation is less direct, but it is the basic representation of E9(9) 
which is the appropriate choice. More precisely, in our conventions it is the dual of 
the basic representation which we choose as vector field representation. 

Eventually, it is the consistency of the general gauged theory which justifies this 
choice. But this choice is well motivated from extrapolation of the representation 
theory of the higher dimensional maximal supergravities. In figure I2.1UI we gave 
the Dynkin diagrams for the global symmetry groups Gq = 'Eii^d{ii-d) of maximal 
supergravities in 2 < < 8. For d = 8 the Dynkin diagram has three knots and with 
each decreasing dimension one additional knot appears, i.e. there is one additional 
"new" simple root in the root lattice of Go. A highest weight representation of 
Go is uniquely characterized by the inner products of the corresponding highest 
weight with the simple roots. These inner products need to be non-negative integer 
numbers. It turns out that the vector field representations in dimensions 3 < c? < 7 
are always those highest weight representations whose highest weight has vanishing 
inner product with all simple roots that were already present for the respective 
higher dimensions and whose inner product with the "new" simple root equals one. 
Extrapolating this rule to d = 2 yields Q\ as the vector field representation. 

The basic representation is infinite dimensional and it may seem strange to in- 
troduce an infinite number of vector gauge fields in the Lagrangian of the gauged 
theory. But these vector gauge fields will only appear projected with the embedding 
tensor and for any particular gauging, i.e. for any particular valid embedding tensor, 
only a finite subset of the gauge fields will enter the Lagrangian. 

When considering dimensional reductions to d = 2 maximal supergravity one 
can identify the higher dimensional origin of some of the vector fields in the basic 
representation. Let us consider as a first example the circle reduction from d = 3 
gauged supergravity. The three dimensional global symmetry group is embedded 
as the zero mode E8(8) into the d = 2 symmetry group E9(9). The decomposition 
of the basic representation under this zero mode E8(8) was given in table 17.11 We 
identify the highest singlet, i.e. the vacuum representation, with the Kaluza-Klein 
vector field and the 248 at level Lo = 1 with the vector fields that were already 
present in d = 3. The other irreducible E8(8) components of Q\ do not have an 
immediate interpretation in this context. However, it is also natural to consider the 
vector fields in the 1 and 3875 at level Lo = 2 of Q\ as originating from two-form 
gauge fields in d = 3. 
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As a second example let us consider the torus reduction from d = 11 supergravity. 
To identify the higher dimensional origin of the gauge fields we should first identify 
the SL(9) symmetry group of the internal torus as a subgroup of the global symmetry 
group £9(9). One can embed SL(9) already in the zero- mode E^^s) but this is not the 
embedding we are searching for since the zero-mode E8{8) is the symmetry group of 
d = 3 maximal supergravity and the torus SL(9) can not be realized in d = 3 already. 
However, it is possible to embed SL(9) into £9(9) such that it is not contained in any 
£3(8) subgroup of £9(9) . In order to construct this embedding we first decompose the 
algebra 69(9) under the zero mode E8(8) . This yields one 248 representation for each 
Lq level as depicted in figure 12.91 We indicate the level, i.e. the charge under Lq, 
as a subscript, i.e. we have 248/, I G Z. We decompose these £3(8) representations 
further under a IV~ x SL(8) subgroup of E8(8). They branch as (see also table 12.71) 

248/ ^ 8+3,/ © 28+2,/ © 56+1./ © lo.« © 63o./ © 56_i,/ © 28_2,z © 8_3.i , 

(7.14) 

where the first subscript indicates the IV~ charges which in the following is denoted 
by q. The SL(9) algebra which is contained in the zero modes is composed out of 
8+3,0 © lo,o © 63o,o © 8_3,o. The SL(9) algebra which corresponds to the torus 
symmetry is given by 

s[(9) = 8+3,-1 © lo,o © 63o,o © 8„3,+i • (7.15) 

We have chosen those SL(8) representations for which g + 3Z = 0. This guarantees 
that the generators form a closed subalgebra of 69(9). The linear combination g + 3/ 
also gives a natural grading for all other components of the decomposition. At 
each level in this new grading the above components form an irreducible SL(9) 
representation, namely 

84„ = 56+i,(„+2)/3 © 28_2,(n+5)/3 , 

80„ = 8+3,(„_3)/3 © lo,n/3 © 63o,n/3 © 8-3,(n+3)/3 , 

84„ = 28+2,(„-2)/3 © 56_i,(„+i)/3 , (7.16) 

where n = q + 3L We have thus described the decomposition of 69(9) under the torus 
SL(9) which we already anticipated in figure [2!8l The tower of 80 representations 
constitutes an infinite dimensional subgroup of £9(9), namely the affine extension 
SL(9) of SL(9). 

In order to decompose the basic representation under this torus SL(9) it is con- 
venient to first decompose under SL(9) because one then still remains with a finite 
number of irreducible components. Concretely, the basic representation of £9(9) de- 
composes into three highest weight representations of SL(9) (this can be inferred, 
for example, from the decompositions given in |119j ). They all have k = 1 and the 
vacuum SL(9) representations are 9, 36 and 126 with g + 3/ charges 0, 1 and 2. The 
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g + 3/ 


SL(9) representations 





9 




3 


9 


315 


6 


92 


3152 396 2700 


12 


94 


3155 3962 27002 3465 7560 



q + Sl 


SL(9) representations 


1 


36 








4 


36 


45 


720 




7 


363 


45 


7202 


2079 3780 


13 


365 


453 


7205 


20793 37802 4950 6048 19800 



q + 5l 


SL(9) representations 


2 


126 








5 


126 


630 


1008 




8 


1263 


6302 


IOO82 


540 1890 8316 


14 


1266 


63O5 


IOO85 


540 18902 83I63 990 2772 15840 27720 



Table 7.2: The three k = 1 irreducible SL(9) representation that are contained in the 
basic representation are further decomposed under SL(9). The SL(9) representations have 
a natural q + 31 grading (see the main text). We only list those with g + 3/ < 14. The 
subscripts indicate the multiplicity of the representations. 



decomposition of these three irreducible SL(9) representation under SL(9) is given 
in table 17.21 for the first few g + 3/ levels. 

The three vacuum representations are naturally identified as the Kaluza-Klein 
vector (the 9), the vector fields that originate from the three-form (the 36) and 
the vector fields coming from the dual six- form (the 126) in d = 11. For the 
remaining SL(9) representations there is no natural interpretation in the context 
of a torus reduction from d = 11. But we have identified a higher dimensional 
origin for different vector fields than in the reduction from d = 3. On the way 
from table 17.11 to table 17.21 a highly non-trivial re-ordering of the states of the basic 
representation takes place. For example the vacuum 36 and 126 representation in 
table 17.21 are composed out of states in the 248 representation at Lq = 1 and the 
3875 representation at Lq = 2 in table I7.1|FI Consideration of more complicated 
dimensional reductions might disclose a higher dimensional origin of other vector 
fields within the basic representation. 



^One needs to decompose all SL(9) and £§(8) representations under the common subgroup SL(8) 
in order to make the mapping between table FTT] and [7T^ explicit. 
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7.1.3 Linear and quadratic constraint 

We now apply the general methods of section 13.11 to the case of d = 2 maximal 
supergravity. First, we introduce indices A and Ai for the adjoint and for the basic 
representation of £9(9) , respectively. The vector fields in the dual basic representa- 
tion are thus denoted by A-^. Since the gauge algebra may generically contain the 
k and Li generators we want the index A to also take corresponding values, i.e. we 
have symmetry generator 

Ta = {T{m)a, 7'(o)fc, ^(1)^} = {T™, k, Li} . (7.17) 

In equation (17.71) we defined an invariant non-degenerate inner product r/yig = 
(T4, Tg) on these generators. This also induces an inner product r]-^'^ on the dual 
adjoint representation. In addition, we have structure constants Z^'' and generators 
Tam^ that describe the symmetry action on the basic representation. 

The general covariant derivative (13. 3p takes the form 

D^ = d,~gA^QM^TA. (7.18) 

The embedding tensor ©x"^ transforms in the tensor product of the basic (A; = 1) 
and the adjoint {k = 0) representation. Since the latter is not a highest weight 
representation also the irreducible components of Qm'^ general not highest 

weight. However, by the linear constraint we demand Qm'^ to only contain a single 
irreducible component Qm which transforms in the basic representation, explicitly 

Qm^ = V^Tsm^Q^. (7.19) 

This linear constraint is justified by the fact that all known gaugings are incorporated 
in Qj\f, as will be explained below. In terms of Qm the covariant derivative reads 

D, = d,-g r]^^ Tam^ A^ Om Tb . (7.20) 

The quadratic constraint (13.51) then takes the form 

r/-^^ Tam^ Tba^S = . (7.21) 

We now give this quadratic constraint for the case that only the first Lg-components 
of Qv 

are non- vanishing. The symmetry action on the components X\ and Z^^^ 
of the basic representation were given in equation (I7.10p to (I7.13P for levels I < 2. 
These tensors are now regarded as components of Bp and we consider the case 

Bp = Zip} , all other components zero. (7.22) 

The quadratic constraint (I7.2ip then takes the fornj^ 

4, = , ivaf^X' + Z2^)/^(/ 4^ = . (7.23) 

6 From SaQm = T^m^Qm and relation (fTTU]) to (fTT^ we find r(i)a,(o)x^^^^'^ = S^, 
?'(i)a,(i)y/3^^^^ = Vap, etc. In addition, we find from ^ that 7y(™)"'(")/3 = 
jj(i)L,(o)k _ 2. Thus, we can evaluate the quadratic constraint (|7.2ip explicitly on the lowest 
components of O^i- 
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For = the last equation coincides with the quadratic constraint of = 3 
maximal supergravity [29], [30] if one identifies the d = 3 embedding tensor as 

Qif = Va^X' + zip . (7.24) 

This means that a simple torus reduction of gauged d = 3 maximal supergravity 
yields a gauged d = 2 maximal supergravity with non-vanishing components X"^ 
and of Qm other components zero. Such a torus reduction can also 

be twisted, i.e. a generator of the d = 3 symmetry group E8{8) can be chosen as 
Scherk-Schwarz generator. This leads to an additional gauging in = 2 and the 
Scherk-Schwarz generator is described by the component of Qm- If the d = 3 
theory is already gauged before the Scherk-Schwarz reduction there is a consistency 
condition between the d = 3 embedding tensor and the Scherk-Schwarz generator 
given by the first equation of fl7.23p . If the d = 3 theory is ungauged, i.e. O^^^ = 0, 
an arbitrary Scherk-Schwarz generator Y^ can be chosen. In the next section we 
will explain that there is an additional freedom ina(i = 3to(i = 2 torus reduction, 
namely the field strength of the Kaluza-Klein vector field can be chosen to be non- 
vanishing (see equation fl7.4ip below). This corresponds to the component X° of 
Gm to be switched on and according to fl7.23p there is no consistency condition on 
the choice of Thus, we have motivated the linear constraint fl7.19p by identifying 
the higher-dimensional origin of the components X^, Y^, X'^ and Z^^ of Qm- The 
analogous consideration for torus reductions from d + 1 to d > 3 dimensions can be 
found in appendix |Al The only non-generic feature in the d = 3 to d = 2 reduction 
is the additional freedom of choosing X^. 

We already explained in section l^^ that the positive mode generators T™, m > 0, 
of the Kac-Moody symmetry algebra correspond to the shift-symmetries of an in- 
finite tower of dual scalars that can be introduced in d = 2 maximal supergravity. 
In contrast, the existence of the negative mode generators T™, m < 0, corresponds 
to a non-trivial symmetry enhancement and the generators act non-linearly on the 
infinite tower of scalars. We will make this explicit in the next section when we intro- 
duce a linear system in order to give the complete symmetry action. In gauged d = 2 
theories that originate from dimensional reduction of d = 3 maximal supergravity 
one expects scalar shift symmetries T^, m > 0, to be gauged, but the extended 
symmetry generators T^, m < 0, should not contribute to the gauge algebra. 

Which vector fields are coupled to which symmetry generators T4 by the 
various components of is shown in table 17.31 We find that the Kaluza Klein 
vector field Iq is coupled to the zero-mode generators 248o by the 248+i (i.e. Y^) 
component of 6^^. The vector fields 248+i that were already present in d = 2 
are coupled to the zero-mode generators 248o by the I+2 and 3875+2 (i-e. X^ and 
Z^i^) component of Qm- This agrees with the above identification of Y^, X^ and 
Z^i^ as the Scherk-Schwarz generator and the components of the d = 3 embedding 
tensor, respectively. As expected, we also find from table 17731 that no negative mode 
generators T^, m < 0, are excited by these components of Qm- In contrast, the 
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vector fields 





lo 


248+1 


1+2 


248+2 


3875+2 


248+3 








lo 




248+2 




lo 


248+1 


248+1 


248+1 


248+1 




248+1 


248+2 


1+2 © 248+2 
©3875+2 


248+2 © 3875+2 • • • 




-< 

lo 


248+1 


-< 

1+2 


248+2 


3875+2 


ko 




248+2 


1+3 


248^3 


3875+2 


248o 


248+1 


1+2 © 248+2 
©3875+2 


248^3 


1+3 © 248^+^ 
©3875+3 
©30380+3 


248^3 © 3875+3 • • • 
©30380+3 


248_i 


248+2 


1+3 © 248^+* 
©3875+3 
©30380+3 









Table 7.3: The d = 2 couplings of the vector fields A-^ to the symmetry generators 
r4 are decomposed under the d = 3 symmetry group E8(8). The representations inside 
the table denote the components of the embedding tensor @m- ^^'^ transform 
in the (dual) basic representation which branches according to table 17.11 The adjoint 
representation branches into an infinite tower of 248 representations, see table 12.91 In 
addition we have the symmetry generators k and Li. The subscripts in the table denote 
the charges under Lq, which corresponds to the rescalings of the internal circle. For each 
entry the Lq charges of Qm and T4 add up to 1 plus the Lq charge of (this charge 
convention slightly differs from the one used in appendix |A|) . The two 248 representation 
at level Lq = 3 of the basic representation are distinguished by superscripts a and b. 
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248+2 (i-e. Y^) component of 9^^ describes gaugings whose algebra also contains 
the 248_-i (i.e. T~^) generators. Therefore, these gaugings can not originate from 
gauged d = 3 maximal supergravity. The d = 3 embedding tensor does indeed not 
contain a 248 component. 

We now aim for a more general interpretation of the quadratic constraint fl7.21l) . 
It was explained in section [3TT] that the quadratic constraint can be understood as a 
projector equation P2(0(S>6) = 0. In the higher dimensional theories there is a finite 
number of irreducible components in the twofold symmetric tensor product of G and 
P2 can thus be defined by declaring which representations are allowed and which 
are forbidden. In contrast, for the present case of d = 2 maximal supergravity, there 
is an infinite number of irreducible £9(9) representations in the twofold symmetric 
tensor product {Q\ Qi)sym and the interpretation of the projector P2 in terms of 
representation theory is not clear immediately. 

The basic representation is a highest weight representation with k = 1. Its 
twofold symmetric tensor product thus decomposes into highest weight representa- 
tions with k = 2. There are only three of those k = 2 representations. We denote 
them by Q\, Q248 and Q^sr^j because they have have vacuum Es{s) representations 
1, 248 and 3875, respectively. The decomposition of these representation under 
£§(8) is given in table 17.41 for the first Lq levels. It turns out that Q248 is not 
contained in the symmetric tensor product {Q\ (5i)sym, but Q\ and Qs875 both 
appear with infinite multiplicity. There is natural Lq grading on these Q\ and QIsts 
components of the tensor product. The twofold product of the vacuum singlet of Q\ 
yields a singlet in the tensor product at Lq = 0. This singlet must be the highest 
weight of the first Q\ component in the tensor product. For Lq = 1 there is only one 
248 representation in {Q\ (g) Qi)sym and this 248 belongs to the Q\ representation 
that starts at Lq = 0, i.e. no irreducible £9(9) representation starts at Lq = 1. For 
Lq = 2 one finds most of the £§(8) representations that appear in the tensor product 
to be contained in the Q\ that starts at Lq = 0, except for one 1 and one 3875 
representation. These representations thus are the vacuum representations of a Q\ 
and a Qssrn starting at Lq = 2. Continuing that analysis one finds a finite number 
of Q\ and Q3S75 representation to start at each Lq level, as shown in table 17.51 for 
the first few levels. 

In the language of conformal field theory what we consider here is a coset modeQ 

« (£5)2 

where the subscripts denote the level k for the E8 representations under considera- 
tion. The central charge of the Virasoro algebra on (E8)fe is given by 

fcdim(E8) 



We are grateful to Sakura Schafer-Nameki for pointing out this relation to us. 
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Ln 


E8(8) representations 





1 










1 




248 








2 


J. 






z / uuu 




3 


1 


248':! 


3875 


27000 303809 779247 




4 


I3 


2485 


3875^ 


27OOO4 303803 7792472 


1472502 40960002 












2450240 4881384 


Lo 








E8(8) representations 







248 










1 


248 


1 


3875 


30380 





2483 1 38752 303802 27000 147250 779247 





E8(8) representations 





3875 






1 


3875 


248 


30380 147250 


2 


38753 


2482 


303802 I4725O2 1 27000 779247 2450240 



Table 7.4: Decomposition of the three level k = 2 representations of Egj-g) into irreducible 
E8(8) components. These E8(8) representations have a natural Lq grading. The total 
number of components is infinite, we only list the lowest Lq levels. The subscripts indicate 
the multiplicities of the representations. 



where dim(E8) = 248 is the dimension and (7^ = 30 is the dual Coxeter number of 
E8. This yields ci = 8 and C2 = 31/2 and thus the coset CFT has central charge 
Ccoset = 2ci — C2 = 1/2. Since Ccoset lies between zero and one one is dealing with a 
minimal model which in this particular case turns out to be the Ising model. For 
the CFT implications of this result we refer to [122j . For our purpose it is important 
that the two infinite towers of Q\ and Qs875 representations whose beginnings are 
shown in table l7.5l form the irreducible highest weight representations V^"-^ and V^^'^^ 
of the Virasoro-Witt algebra (with central charge 1/2), i.e. the symmetric tensor 
product of the basic representation branches as 

(Qi ® Qi)sym = V^,% ® Ql © V(S) ® Qlsr, ■ (7.27) 

The Virasoro-Witt generators on V'^Y '[) and V^"^ are given by 

LT' = Ll-Ll, (7.28) 

where L® and are the Virasoro-Witt generators induced by (S = (E8)i©(E8)i (i.e. 

by (Qi®Qi)sym) and by = (£8)2 (i-e. by Q\ and Qlgrs)- W'e are interested in L™*"*"*. 
The Sugawara construction gives an expressions for Li on the basic representation 
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# of 


of Qqqt-k 





1 




1 






2 


1 


1 


3 


1 


1 


4 


2 


1 



Table 7.5: The decomposition of the two-fold symmetric tensor product {Q\ (5i)sym 
into irreducible Q\ and Q\ representations is shown for the first Lq levels. We give the 
number of and representations whose highest weight is at the respective Lq level. 



and for Lf and Lf in terms of the Kac-Moody generators Tam"^, namely 

1 



n=0 



oo 

- V 



n=0 



where fci = 1 and k2 = 2. This yields 



/rcosetN PQ 2 / / r \ (P ^2) CP 1^ Q) 

" V n=0 



where the index A runs over the Kac-Moody generators and over k and Li, as 
introduced in f l7.17p . Comparing the last equation with (17.211) we find that the 
quadratic constraint on 9^ can be written as 

L™^''*(0®0) =0 , (7.31) 

i.e. L™^*^* is the projector P2 we were searching for. The symmetric tensor product 
® is only allowed to contain those representations that are annihilate by L'^°^'^^. 
According to table 17.5) these are the Q\ at Lq = 0, the Q\ and Qss75 ^it Lq = 2, a 
particular linear combination of the two Q\ representations at Lq = 4, etc. 

To summarize, we have argued that the embedding tensor of c? = 2 maximal 
supergravity transforms in the basic representation of £9(9) . Due to this assumption 
we could embed the known gaugings that originate from d = 3 torus reduction 
into 0. We will show in the next section that this assumption also allows for the 
formulation of the general gauged theory in terms of the embedding tensor. As usual, 
one therefore needs the additional quadratic constraint (I7.2ip . Every embedding 
tensor in the basic representation that satisfies this quadratic constraint defines a 
valid gauging. 
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7.2 The gauged theory 

7.2.1 Lagrangian of the ungauged theory 

The d = 2 maximal supergravity is obtained from torus reduction of higher dimen- 
sional maximal supergravity. This statement is of course also true for d > 2, but 
it has a particular meaning for the two-dimensional case. In d = 2 the ordinary 
Einstein-Hilbert action describes a topological invariant (the Euler number) and 
thus does not yield any equation of motion. From a purely two-dimensional per- 
spective it is thus not clear what a theory of gravity or supergravity should look like 
and the higher dimensional origin is necessary to define it. 

We thus start from the ungauged d = 3 maximal supergravity, which has a global 
E8(8) symmetry. For the Lie algebra of E8(8) we need the decomposition e8{8) = f) © 
into the compact part f) = 5o(16) and the non-compact part i. This is a symmetric 
space decomposition, i.e. we have the following commutators 

[[),[)] = [), [i)A] = t, %t] = i). (7.32) 

We indicate the projection f) and i by corresponding subscripts, i.e. for A G C8(8) we 
have 

A = At, + Aj, Af,Gf), AfG!. (7.33) 

In addition we define the following involution on e8(8) elements 

-A"^ = A(, - Aj . (7.34) 

The 128 scalars of maximal d = 3 supergravity arrange in an E8(8)/SO(16) coset and 
are the only bosonic degrees of freedom of the theory. They are described by a coset 
representative V which is a group element of E8(8) and transforms under global E8(8) 
transformations from the left and local S0(16) transformations from the right, i.e. 

V ^ gV h{x) , g G E8(8) , h{x) G S0(16) . (7.35) 

The scalar currents are defined by 

V-'df,V = Qf, + Pf,, Q^ef), Pf.et. (7.36) 

The current is a composite connection for the local S0(16) gauge invariance, i.e. 
it appears in covariant derivatives of all quantities that transform under S0(16), in 
particular 

D,,P, = a^P,+ [Q^,P,] . (7.37) 
The integrability conditions for (17.361) are given by 

D[^P,] = , Qf,o = 2%g,] + [Qf,, Qo] = -[P/i, Pu] . (7.38) 
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The bosonic Lagrangian of maximal d = 3 supergravity is given by the Einstein- 
Hilbert term coupled to the non-linear sigma model of the scalar coset, i.e. |123] 

Ca=3 = |ei?(=^) - I e tr (P^P'^) , (7.39) 

where e is the determinant of the three-dimensional vielbein. The general Ansatz 
for a torus reduction and the resulting effective Lagrangian were given in fl2.3p and 
(12.41) (compared to section [2T] we rescaled the Lagrangian by a factor 1/2). For our 
particular case the effective two-dimensional Lagrangian reads 

Cd=2 = I e p P(2) _ 1 e p3 _ i g ^ tr (P^P^) , (7.40) 

where A^,^ = 2d[^A^j is the field strength of the Kaluza-Klein vector field, p is the 
dilaton and e is the determinant of the two-dimensional vielbein. The equations of 
motion for can be integrated to an algebraic equation for the field strength 

V=^ep-=^e^, , (7.41) 

where ^ is an integration constant and e^u is the Levi-Civita tensor (eoi = 1). Due 
to the last equation the vector fields can be integrated out and their kinetic term 
becomes a scalar potential for p. One thus obtains a deformation of the ungauged 
theory which is parameterized in terms of ^. Therefore, ^ has to be a component of 
the embedding tensor and it turns out that it is the Lq = singlet of 9;^, which 
was denoted abov^. For the description of the ungauged theory we set ^ = 
and thus the vector field term in the Lagrangian fl7.40p vanishes. 

In two-dimensions a Weyl rescaling is not possible. As mentioned above the 
usual Einstein-Hilbert term is a total derivative anyway. What is possible in two 
dimensions is a conformal rescaling, i.e. the metric g^u can be brought into diagonal 
form by fixing part of the general coordinate invariance. We make us of this freedom 
by choosing the following conformal gauge 

Qfiu = V^if exp 2a , (7.42) 

where r]^,^ is the flat space Minkowski metric and a is the conformal factor. The 
vielbein determinant and the curvature scalar then read 

e = ^^-<lei{g^y) = exp 2a , 

p(2) = -2g''''d^d^a = -2exp{-2a)r]^"'d^d^a . (7.43) 

In the rest of this chapter we raise and lower indices no longer with g^j^^, but with 
rjij,^, i.e. we use flat space convention^. In conformal gauge the Lagrangian fl7.40p 

®The factor between and ^ still needs to be determined. 

®Note that the connection on the two-dimensional manifold is non-zero wrt g^,^. For example, 
we have a non-trivial covariant derivative in 

Df^duP = d^d^p - {dfj,a){d^p) ~ {df,p){d„a) + r]f,^{dx^){d^ p) ■ 

But we never use covariant derivatives in the following, instead we write out the appropriate d^a 
corrections explicitly. See for example the left hand side of the conformal constraint ()7.46p , which 
equals ~^D±d±p. Note also that D^d^'p = d^d^^p. 
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for Xi = takes the form 

L = {d,a){d^p) - ip tr (P^P^) . (7.44) 

From this Lagrangian one gets the following equations of motion 

□p = , na + l tr(P^P^) = , D^ipPf^) = . (7.45) 

However, the Lagrangian (17.441) does not reproduce all equations of motion of the 
theory. Those equations that descend from variation of the gauged fixed metric 
component^ are missing and have to be imposed by hand as a conformal constraint. 
It is convenient to introduce light-cone coordinates = l/^/2{x^ ± x^)Illl The 
conformal constraint then reads 

(9±a)(9±p) - |9±9±p = |ptr(P±P±) (7.46) 

Defining a = a — | ln((9_|_p)(9_p)) and using Dp = we can write the conformal 
constraint as 

(9±a)(9±p) = iptr(P±P±) (7.47) 

In contrast to a we find a to transforms as a scalar (i.e. to stay invariant) under those 
coordinate transformations that are compatible with the conformal gauge fl7.42p . i.e. 
under i— >■ x'"^ = f{x^) and x~ ^— > x'~ = g{x~). The field equations (17.451) are not 
modified when replacing a by a. When can thus also make this replacement in the 
Lagrangian (I7.44p . 



7.2.2 Linear system 

In the last subsection the bosonic Lagrangian and the field equations of maximal 
d = 2 supergravity were presented. We now show that this theory is invariant 
under the global symmetry group Go = E9{9)- The Lagrangian (I7.44p is manifestly 
invariant under the three-dimensional symmetry group £§(8), which is the subgroup 
of E9(9) generated by the zero-mode generators T°. The complete £9(9) symmetry is 
not realized at the level of the Lagrangian but only onshell. We already encountered 
such a situation for the four-dimensional theories in chapter HJ There, the global 
symmetry group Go transformed electric and magnetic vector fields into each other, 
but in the ungauged theory the latter were only introduced onshell as dual to the 
electric fields. Things are similar in c? = 2, but with vector fields replaced by 
scalars. There is an infinite tower of dual scalars that can be defined onshell out of 
the scalars V which appear in the Lagrangian. The £9(9) symmetry is only defined 
on this infinite tower of scalars and thus is an onshell symmetry. 

^'^ These are the off-diagonal and the traceless part of the components, i.e. goi and goo + gu. 
In light-cone coordinates we have 77±zp = 1, ri±± = 0, e±zp = ±, e±± = 0. 
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In order to define dual scalars one needs to identify currents tliat are conserved 
due to tfie equations of motion. The simplest example is tfie current of the dilaton 
d^p which is conserved due to Dp = 0. The dual dilaton p is thus defined by 

d^p = e^^ d^p , or d±p = ±d±p . (7.48) 

In most of the following we find it convenient to give the duality equations in light- 
cone coordinates. The last two equations show that those formulas can be easily 
translated into a coordinate independent notation by using the Levi-Civita ten- 
sor. Equation (17.481) only defines p up to a constant shift p h-> p + A. Such shift- 
symmetries appear for all of the dual scalars we are going to introduce. Note that a 
further dualization of p simply yields the dilaton p, i.e. there is no infinite tower of 
dual fields in the case of the dilaton. This is different for the non-Abelian scalars V. 

The field equation D^(pP^) of V can also be written as a conservation law 
d^[pJ^) = for the current = (c)^V)V~^ = VP^V~^ While transforms under 
local S0(16) transformations transforms under global £§(8) transformations. The 
dual scalars to V are called dual potentials. The dual potentials Fj, z G N, are e8{8) 
algebra valued, i.e. they transforms in the adjoint representation of Es{s)- The first 
dual potential Yi is defined by 

d±Yi = ±pj± = ±pVP±V-^ . (7.49) 

This equation is consistent since is conserved. We can now use Yi to define 
another conserved current and thus a second dual potential Y2. Using Yi and Y2 we 
can define the third dual potential Y3, etc. To convey an impression of how that 
works we give the defining equations for Y2 and 1^3 explicitly 

diY2 = - (±pp + ip2) VP±V-^ - d^Yi] , 

d±Y3 = - (t|p' T Pp' - p'p) VP±V^^ - [Fi, d^Y2] - [Fi, ^±^1]]] . (7.50) 

Obviously, it is rather inconvenient to define each dual potential separately. For- 
tunately, there is a generating function for all the dual potentials which is called 
the linear system [1091 IllOl 1111] . For the definition of the linear system we need 
the spectral parameter y and its inverse w = 1/y. We first need to introduce the 
complex valued function 'j{w) by 

1 = ^(w + p - >y{w + - ' ^^2{^^^j^~^' ^'^'^^'^ 

The second equation is a consequence of the first one. Since a square root appears 
in the definition of 7 it formally takes values on a Riemann surface which is two-fold 
covering of the complex w-plane. For our purposed we simply consider 7 as formal 
series in negative powers of w, i.e. 

7 = ^pw-^ - ^ppw-^ ^l^P^^ ^P~P') "^'^ ~ I i^P^P + ^PP^) "^'^ + 0{w-') 

(7.52) 
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We refer to 7 as the variable spectral parameter, in contrast to w (or y) which is 
referred to the constant spectral parameter. While d±w = Q we find the variable 
spectral parameter to obey the following differential equation 

= T^r— • 7-53 

7 p 1 ± 7 

We now introduce the £§(8) valued function V{w). It also has a formal expansion 
in negative powers of w. Since V it is group valued we use the following expansion 

V = ... e(-^4u,-*)g(-y3i«-3)g(-y2«;-2)g(-yi«;-i)y ^ 

where the dual potentials Yi appear as coefficients in the expansion and we have 
V(w = 00) = V. The following linear system defines V in terms of the scalars V 
that appear in the Lagrangian 

V-i^iV = g± + P± , P± = ^ P± . (7.55) 

i ± 7 

For a flat space sigma model (with Lagrangian £ = | trP^P^) one can define the 
linear system by using the constant spectral parameter w. For a curved space 
sigma model one accounts for the dilaton dependence in the equations of motion by 
replacing w with the variable spectral parameter 7. The integrability conditions for 
fl73^ read 



Q^, + [P^, P.] = , = . (7.56) 



We find 



[4, PJ = [P^, PJ\ , t^^D^P, = ll^e^'^D^P, - ^^p-^D,{pP'^) . (7.57) 

Thus, the integrability equations are satisfied due to the integrability equations 
(17.381) for P^ and and due to the equations of motions (17.451) . By expanding 
the linear system in powers of w according to (17.521) and (17.541) we find the defining 
equations for all dual potentials. In particular, we reproduce the defining equations 
(17.491) and (I7.50p for the first three dual potentials. 

The whole tower of dual scalars is contained in V. One can consider V as the 
coset representative of the scalar coset Gq/H = Egf^g-j / K (Eg) , where -^'(Eg) is the 
maximal compact subgroup of E9(9). In order to define the Lie algebra icg of -^'(Eg) 
we consider an algebra element A G e9(g) as an e8(8) valued function of w and thus 
of 7. A(7) is contained in the subalgebra ttg if it obeys 

A^(7) = -A^ . (7.58) 
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Analogous to (17.351) we want the £9(9) symmetry to act on V form the left while 
^(Eg) shall act from the right. A generic £9(9) action destroys the form fl7.54p of 
V, because V may not have an expansion in negative powers of w anymore. We 
therefore demand for a compensating K{Eg) action that restores the form (17.541) . 
i.e. 

V ^ gV h{g, x), ge Ego) , h{g, x) G (Eg) . (7.59) 

This defines our £9(9) action. Apart form the S0(16) transformations in the zero- 
mode E8(8) there is no additional freedom of K{Eg) transformation. We are thus 
dealing with a gauged fixed version of the scalar coset, known as Breitenlohner- 
Maison gauge |124j . Those symmetry transformations g that are generated by the 
non-negative Kac- Moody generators T^, m > 0, do not destroy the Breitenlohner- 
Maison gauge and thus do not need a compensating -^"(Eg) transformations. These 
transformations correspond to the zero-mode £§(8) and to the shift-symmetries of 
the dual potentials Yi. On the other hand, those £9(9) transformations g that are 
generated by the negative modes T^, m < 0, of the Kac-Moody algebra need 
a compensating K{Eg) transformation that restores the gauge fixing. They are 
thus not realized linearly on the coset representative V. An explicit expression for 
the symmetry action on V is given in the next subsection for infinitesimal Eg(9) 
transformation. 

The gauge fixing of V is crucial in order to guarantee convergence of the expres- 
sions in which V enters and in order to interprete V as a tower of dual potentials. 
However, in principle one is not restricted to the Breitenlohner-Maison gauge. For 
example, in table [2^ we gave the decomposition of eg(9) under the R"*" x SL(9) that 
corresponds to the torus group in dimensional reduction from d = 11. A valid gauge 
fixing is given by demanding V to be generated only by the non-negative generators 
in this decomposition. The choice of the gauge fixing is analogous to the choice of 
the symplectic frame in d = 4 supergravity. This analogy suggests that for every 
particular gauging of c? = 2 supergravity there should be a natural gauge fixing that 
simplifies the form of the gauged Lagrangian. In our presentation we stick to the 
Breitenlohner-Maison gauge which is induced by dimensional reductions from d = 3 
and corresponds to the form (I7.44p of the ungauged Lagrangian. 

7.2.3 Global symmetry action 

Equation (I7.59P defines the symmetry action of Eg(g) on the scalars, but it does not 
give an explicit expression for the necessary compensating K{Eg) transformations. 
In this subsection we give explicit formulas for the action of an algebra element 

L = L^Tj^ = A"(w) + XLi + Kk (7.60) 

on the scalars a, p, p and V. These formulas are needed in the next subsection to 
write down the appropriate covariant derivatives for these scalars and to check gauge 
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invariance of the Lagrangian. According to (17.601) we have symmetry parameters 
A and k which are reals numbers and an parameter A(w) that describes the 69(9) 
transformations. We treat K{w) as an e8(8) valued function of w (respectively of 
y = 

The action of the central extension k on the scalars is given bjQ 

= , (5,p = , 5^a= - K, = , (7.61) 

i.e. the central extension acts as a shift symmetry on the conformal factor a and 
leaves all other scalars invariant |124j . 

The Witt-Virasoro generator Li is represented as a differential operator Li = 
—y^dy = dw This representation defines the action of Li on V(w), 7(w) and a. 
According to (17.511) and (17.521) the action on p and p is induced by the action on 
7(w). We find 

5,p = 0, 5«p = A, 5«a = 0, 5,V = Xd^V, (7.62) 

i.e. Li acts as a shift symmetry on p and it also acts non-trivially on the dual 
potentials Fj, i > 2, that are contained in V, but it leaves p, a, V and Yi invariant. 

In order to give the action of the Kac-Moody generators = w~"^ta it is very 
convenient to introduce the following notation. For an arbitrary function f{w) of 
the spectral parameter w we define 

f dvi] 

{f{w))n, = (p—f{w) = -Res^=oo/(w) , (7.63) 
Ji 2m 

The path / is chosen such that only the residual at w = cxd is picked up. For our 
purposes it is sufficient to consider f{w) as a formal expansion in w, i.e. fiw) = 
Ylm=-oo fmW"^. We then have {f{w))w = Sometimes we also use variables v or 
u instead of w. An expression that appears regularly is 



w 




w"" . (7.64) 

m=0 



Another useful relation is 



\ \ V — W / v/ w \ \ V — W / wf V 

For A = A°'{w)ta G 69(9) we introduce the abbreviation A = V^^AV. According to 
(17.331) the compact and non-compact part of A are denoted 

A(, = [V-^AV]^ , At = [V"iAV]s . (7.66) 



In terms of our notation in (|7.10p to ()7.13p wc now have (5^ = 6\ = X6j^ and d\ = 
YZ=-oo A^J.C where A(u;) - YZ=-oo K^-"^- 
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In terms of this notation the action of = w "^ta on the scalar fields is given by 

m 

Sap = , 
(5a p = , 

6Aa= -tT(A{w)d^V{w)V-\w)) , 

V-M. V(u.) = A(u.) - (a,(„) + -'i") - -'^li A,(„)) \ . (7.67) 

\v-w\ 7H(l-72(t;)) J/^ 

The variation of V can also be written as 6aV = AV + Vh. The first term in this 
variation describes the left action of A on V, the second term is the compensating 
K(Eg) transformation from the right, i.e. h G ^69(9). Equation f l7.67p gives an explicit 
expression for h in terms of A. 

According to fl7.54p the E8(8)/SO(16) representative V is contained in V. Equa- 
tion fl7.67p thus also gives the action of E9(9) on V. Using f l7.65p we find 

V-^^aV= (^-^V-^^aVH) = / ./^^"^^ ,,, M^) ) , (7.68) 

\ / \p{i--f{wy) 

The action of k, Li and given in fl7.6ip . fl7.62p and fl7.67p satisfies the symmetry 
algebra (El, (TO . 



7.2.4 Lagrangian of the gauged theory 

We now present the bosonic Lagrangian of gauged d = 2 maximal supergravity. The 
gaugings are parameterized by an embedding tensor Qm- The ungauged Lagrangian 
fl7.44p is formulated in terms of scalar fields a, p and V. Onshell one can define the 
dual dilaton p and the E9(9)/i^(E9) coset representative V that contains the dual 
potentials Yi. We also introduced vector fields A-^ in the dual basic representation 
of E9(9). All these fields can feature in the Lagrangian of the gauged supergravity. 
The dual scalars and the vector fields only appear projected with the embedding 
tensor 9^. Thus, 9^ determines the field content of the theory and for 9^^ 
the ungauged supergravity is recovered. 

The general covariant derivative fl7.20p can be written as 

D^ = d^-g A'^^iw) ta~gB^Li-gC^k , (7.69) 
where we introduced the following 9-projections of the vector fields A-^ 

= — T(^0)k, ©A/" = — ! 

m=oo 

Al{w)= w-"^r^T^,.^)p,M^A^Q^. (7.70) 
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These projections correspond to the symmetry parameters A, A and k introduced 
in (17.601) . The action of the covariant derivative on the various scalars reads 

D,,a = d^a + + tr Ia^{w) dJ?{w)V-\w] 



\v — w \ 'y[w) [1 — Y['v>> 



(7.71) 



where A/^ = V~^A^V. Note that we defined the covariant generahzation of the 
scalar current P^. The current remains unchanged compared to the ungauged 
theorjQ. 

We can now present the bosonic part of the general gauged Lagrangian 

^ = -^kin + Aop • (7.72) 

It consists of a kinetic term 

£kin = d^p D^a-\p ti{V,Vn , (7.73) 

and a topological term 

1+7' 



-g(c, + tT(^A,d^VV-')Jd,p 

[v — w)[l — '^[v)Y[l — '^[w)Y 



vl w 



(7.74) 



In addition, supersymmetry demands a scalar potential whose general form (in terms 
of Qm) still needs to be determined. The scalar potential and the Lagrangian 
£kin + -^^top which we are considering here are both gauge invariant on its own. 

The variation of the Lagrangian with respect to the vector fields reads 

6C= - gdC^X^ + g ti{5A^ y^)^ , (7.75) 



13 



This is due to our particular S0(16) gauge choice in equation ()7.67p . 
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where 



ya = v 



1 — 7^ 1 — 7 



(7.76) 



As field equations we thus find 0-projections of A"^ = and y^^, = 0. These are the 
covariantized versions of the duahty equations fl7.48p and fl7.55p that render p dual 
to p and V dual to V. These duality equation transform in the (gauged fixed) adjoint 
representation of Go- They arrange in the algebra valued current = Z-^Tj^ as 
follows 

= 3^;(«^)^a + '^M^i • (7.77) 

In the covariant formulation the variations (17.751) give rise to the following field 
equations 



'AM 



0Ar^^ = O. (7.78) 



For the derivation of the order terms in fl7.75p from the above Lagrangian one 
needs the following constraint on the projections of the vector fields 

iilA^iw) 5Au{w)) - 6C, -C^6B, = 0. (7.79) 

By virtue of the definitions (17.701) the last equation is equivalent to the quadratic 
constraint (I7.2ip on Qm- 

The parameter of gauge transformations transforms in the dual basic repre- 
sentation. Under gauge transformations the scalars transform according to (17.611) . 
(I7.62P and (17.670 with 0-projected parameters A, A and k given by 

Tbm^ ©at T4 = A^iw) + \Li + Kk. (7.80) 

The Lagrangian (I7.72p is invariant under gauge transformations if we define the 
gauge transformations of the vector fields as follow^ 

^A^ = D,L^ + e^. Tj^^ Z"^ . (7.81) 

Thus, the vector fields transform into the duality equations of the scalars, just as the 
(i = 4 two-forms transform into the duality equation between electric and magnetic 
vector fields. For the B-projected vector fields one finds 

A^^ = D^A + \ t^y [A, - \ t^y (9^A) + additional terms , 
AC^ = D^K + \ e^y tr(A 9^ y'')^, + additional terms , (7.82) 



^^We have checked gauge invariance exphcitly up to terms of order so far, but the terms 
of the Lagrangian are already completely determined by demanding (|7.75|) . 
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where the additional terms are such that they vanish under the contraction with 
and in fITTHD . 

For the vector fields we have the expansion 

oo oo 

A"^= ^;i^"^Tr= Yl (7-83) 

r?i=— oo m=— oo 

Due to the gauge fixing (17.541) of V{w) we find that d^VV'^ has an expansion in 
negative powers of w that starts with and Vy^V'^ has an expansion in negative 
powers of w that starts with w~^. From the variation (17.751) we thus find that the 
positive mode vector fields A'^^"^\ m > 0, do not enter the Lagrangian at all, i.e. a 
gauging of the shift symmetries of the dual potentials is not visible in the Lagrangian. 
From the Lagrangian itself this fact is not obvious since the quadratic constraint was 
used to derive (I7.75p . The gauge fixing of V thus seems to induce a truncation of 
the gauge group in the Lagrangian. Nevertheless the Lagrangian is invariant under 
all gauge transformations. The shift symmetries of the dual potentials Yi only do 
not seem to be gauged because no vector gauge field is coupled to them. 

We have thus presented the bosonic Lagrangian of maximal gauged d = 2 su- 
pergravity. What is missing in the description of the complete gauged supergravity 
are the fermionic correction (the fermionic mass terms) and the scalar potential. 
In order to work them out one needs to understand the irreducible components of 
the T-tensor, i.e. the branching of the basic representation of E9(9) under ^^'(Eg). 
Corresponding to the finite number of fermions there are finite -^'(Eg) components 
in this decomposition that correspond the fermion mass matrices. In addition, we 
already checked that the replacement — *• in the kinetic terms of the fermionff] 
yields fermionic contributions to the variations (17.751) that agree with the fermionic 
corrections to the linear system given in |114l 1115] . Finally, we also still need to give 
the covariant version of the conformal constraint (I7.47p . 



7.2.5 S0(]3, 9 — ]?) gaugings 

We want to finish this chapter with a short discussion of the S0(9) gaugings that 
originate from a warped sphere reductions of (i = 10 IIA supergravity [10311125] I102j . 
Closely related are the compactifications on the non-compact manifolds HP'^~p that 
result in gauge groups SO(p, 9—p) (for details see section [U.4. 21) . We want to identify 
the embedding tensors 6;^ that defines these gaugings. 

The embedding tensor transforms in the basic representation of Eg(g) . The 
appropriate starting point for our analysis is the decomposition of the basic repre- 
sentation under SL(9) which is given in table [7721 The corresponding decomposition 

^^Normally the fermions do not transform under Go but only under H, but since we have a 
gauged fixed reahzation of Go we have induced H that act on the fermions. 
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of the symmetry algebra is given in table 12.81 We want to show that an embedding 
tensor for which only the 45 component at g + 3Z = 4 is non-zero always satis- 
fied the quadratic constraint fl7.2ip . To do so we first need to specify into which 
other components this 45 can transform under the symmetry action of the basic 
representation. Under the zero-mode s[(9)o it transform into itself. Under the 84_|.i 
symmetry generator it transforms into the 315. at g + 3/ = 3. Under the 8O+3 sym- 
metry generator it transforms into the 36 at g + 3/ = 1 . These are all non-negative 
symmetry generators under which the 45 transforms. With this information we 
find the quadratic constraint to be a projector equation from the symmetric tensor 
product (45 ® 45)sym to the tensor product 36 (8> 45, where the 36 is the one at 
g + 3/ = 1. Asking for the irreducible components in these tensor products we find 

(45 45)sym = 495 © 540 , 36 ® 45 = 630 © 990 . (7.84) 

Since the two tensor products have no representation in common there is no non- 
trivial SL(9) invariant projector between them and thus the quadratic constraint is 
satisfied for every choice of the 45 component. 

The 45 can be parameterized by a symmetric 9x9 matrix Y. By fixing part of 
the SL(9) symmetry this matrix can be brought into the form 

Y = diag( l^^l^O^) , (7.85) 

p q r 

with p + q + r = 9. Such an embedding tensor gauges a subgroup CSO (p, q, r) of the 
zero-mode SL(9). The corresponding gauge fields are the one in the 36 at g + 3/ = 1. 
For r = we have the SO(p, 9 — p) gaugings we were looking for. In addition, some 
of the positive generators of the symmetry algebra are excited. The 84_|_i is not 
excited, the 84+2 is gauged completely, 44 generators of the 8O+3 are gauged, etc. 

The gauged Lagrangian (17.721) is formulated in a manifestly £3(8) covariant way. 
For the analysis in this subsection we used the SL(9) decomposition of the basic 
and of the adjoint representation. The relation between the E8{8) and the SL(9) 
was explained in section [7.1.21 If we consider the S0(9) gauging in the E8(8) picture 
we find the SO (9) algebra itself to be contained in the zero- modes and in the first 
positive and the first negative algebra modes of E9(9) . At the level of the Lagrangian 
all positive algebra modes seem to be cut (shift symmetries for the dual potential 
are not gauged in the Lagrangian) and what is left of the SO (9) gauge group is a 
semi-direct product S0(8) k R^. Parts of the excited 84+2 and 8O+3 generators are 
also contained in the zero- mode E8(8). In total one finds a gauge group 

G = ((S0(8) X Rl) X R^S) X Rl (7.86) 

From this perspective it is not obvious that an SO (9) gauge group is realized. 
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Chapter 8 

Conclusions and outlook 



We presented the general structure of gauged supergravities in various space-time 
dimensions. We reviewed the concept of the embedding tensor B which parameter- 
izes the possible gaugings of the respective theory. 9 is defined as a tensor under 
the global symmetry group which couples the vector gauge fields to the symmetry 
generators in the covariant derivative. Furthermore, 6 also determines all other cou- 
plings that have to be introduced in the gauged theory in order to preserve gauge 
invariance and supersymmetry, such as Stiickelberg type couplings in the p-form 
field strengths, generalized topological terms and fermionic mass terms. For consis- 
tency of the construction the embedding tensor has to obey a linear and a quadratic 
constraint which can be formulated as representation constraints on the irreducible 
components of B and on B (S> 0. 

These general methods were then applied to particular extended supergravity 
theories. For each case we identified the allowed irreducible components of G and 
in terms of those we gave the respective universal Lagrangian and the supersymme- 
try transformations of the gauged theory. We also discussed particular examples of 
gaugings and whenever possible we identified the origin of these gaugings in dimen- 
sional reduction. 

The gaugings of d = 4 half-maximal supergravity are parameterized by two 
SL(2) xS0(6, n) tensors faUNP and ^au- All previously known examples of gaugings 
can be described by turning on either faMNP or ^^m- E-g- in orientifold compactifi- 
cations of IIB we found the flux parameters to be contained in faMNP- The phases 
that were introduced by de Roo-Wagemans [USl EZl EH] in order to have AdS and 
Minkowski vacua in the gauged supergravities are also contained as parameters in 
faMNP- On the other hand, Scherk-Schwarz reduction from d = 5 with a non-trivial 
S0(1, 1) twist yields a theory with vanishing faMNP but non-vanishing 1,79]. 
For a general gauging both tensors can be non- vanishing. It would be interesting to 
further study these new theories by classifying their ground states, computing the 
mass spectrum and analyzing stability. Also the higher-dimensional origin of many 
of these theories such as the ones with non- vanishing de Roo-Wagemans phases is 
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still unknown. The compactifications that yield these gaugings might be of uncon- 
ventional type [221I281I2I]. 

For the d = 5 half-maximal supergravity the general gaugings are parameter- 
ized by three S0(1, 1) x S0(5,n) tensors fuNP, ^mn and ^m- The gaugings with 

= were already described in [86], but it is necessary to incorporate to also 
include non-semi-simple gaugings that result from Scherk-Schwarz dimensional re- 
duction [79]. For a generic gauging all three tensors may be non-zero. We discussed 
the dimensional reduction of these five- dimensional theories and showed how the 
parameters of the d = 5 gaugings are contained in those of the d = 4 gaugings. 

For the maximal seven-dimensional supergravities the gaugings are described by 
two SL(5) tensors Ymn and Z^'^^'^ . In terms of these tensors we gave the univer- 
sal Lagrangian that combines vector, two-form and three-form tensor fields. The 
Lagrangian is invariant under an extended set of non-Abelian gauge transforma- 
tions as well as under maximal supersymmetry. The p-form gauge fields enter via 
Stiickelberg type couplings in the generalized field strengths of the respective lower 
rank gauge fields and they all couple through a unique gauge invariant topologi- 
cal term. This ensures that the total number of degrees of freedom is independent 
of Ymn and Z^^^'^ . As particular examples we have recovered the known seven- 
dimensional gaugings as well as a number of new gaugings. Some of these theories 
have a definite higher- dimensional origin, such as the Scherk-Schwarz reduction from 
d = 8 dimensions and the (warped) sphere reductions from string and M-theory. 

Finally, we discussed the gaugings oi d = 2 maximal supergravity. In this case 
the global symmetry group of the ungauged theory is the infinite dimensional affine 
Lie group £9(9). We have shown that the vector fields and the embedding tensor 6 
transform in the (dual) basic representation, i.e. in the unique level one representa- 
tion of E9(9) . The basic representation is infinite dimensional and thus the embed- 
ding tensor contains an infinite number of gauge parameters. We worked out the 
quadratic constraint on O and gave its interpretation as a projector equation on the 
infinite tower of level two representations in the tensor product Q ® Q. We then 
presented the bosonic Lagrangian (up to the scalar potential) of the gauged theory 
and showed that the quadratic constraint on 9 ensures gauge invariance. We also 
identified the SO (9) gauging that originates from a warped sphere reduction of IIA 
supergravity. 

The construction of the gauged d = 2 maximal supergravities is not yet complete. 
The fermionic correction to the Lagrangian and the modified supersymmetry rules 
of the gauged theory still need to be calculated. In order to do so one has to work 
out the irreducible representation of the T-tensor, i.e. the branching of the basic 
representation of E9(9) under i^'(E9). The fermionic mass matrices are contained in 
the T-tensor as finite dimensional irreducible K{Eq) components. Once these are 
determined the scalar potential is fixed as well. 

Another interesting question for these d = 2 theories concerns the bosonic La- 
grangian which we have presented. Analogous to the choice of a symplectic frame 
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in d = 4 there should be different d = 2 Lagrangians for different "scalar frames". 
We mentioned already that such a "scalar frame" can be defined by the gauge fix- 
ing of the E9(9)/ii'(E9) coset representative V. We always worked in the so-called 
Breitenlohner-Maison gauge, but it would be interesting to identify the general data 
that define a particular gauge fixing and to work out the Lagrangian for the generic 
case. Analogous to the d = 4 theories we would then expect that for any particular 
gauging, i.e. for any particular embedding tensor, there exists a natural scalar gauge 
fixing which is closely related to the higher-dimensional origin of the respective 
theory. It would be of great interest to study these questions in the future. 
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Appendix A 



Dimensional reduction of the 
embedding tensor of maximal 
supergravity 

A torus reduction of a gauged supergravity yields a lower- dimensional gauged super- 
gravity with the same number of supercharges. Therefore the higher-dimensional 
embedding tensor has to be contained in the lower- dimensional one. In this ap- 
pendix we consider the maximal supergravities and show how the d+ 1-dimensional 
embedding tensor is contained in the d dimensional one. Step by step this yields the 
higher-dimensional linear constraint as a consequence of the three-dimensional one. 

We start with the reduction from d = 7 to = 6. From a circle reduction 
one naively expects the symmetry group R"*" x SL(5), i.e. the product of the seven- 
dimensional symmetry group and the circle rescalings. The actual d = Q symmetry 
algebra decomposes under this group as 

50(5, 5) ^ lo © s[(5)o © TO+4 © 10_4 , (A.l) 

where the subscripts indicate the R"*" charges and Iq is the R"*" generator. We already 
gave this decomposition in figure [231 but the R"*" x SL(5) has a different physical 
meaning now0. The IO+4 generator in the d = Q symmetry algebra originates from 
the gauge symmetry of the d = 7 vector fields, analogous to equation (12.231) in 
section 12.21 The additional dual generators 10_4 appear as an enhancement of the 
symmetry and have no ancestors in d = 7. Similarly we can trace back the origin of 
the six-dimensional vector fields, which transform in the representation 16^ under 
SO(5,5) and branch under R"*" x SL(5) as 

16, ^ l_5©10-i©5+3 . (A.2) 

The singlet in this decomposition is the Kaluza-Klein vector field from the metric, 
the 10_i are the d = 7 vector fields and the 5+3 are vector fields that originate from 

""^We also use different conventions for the R"*" charges now. 
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the seven-dimensional two-forms. Therefore it is clear that the only six-dimensional 
couplings from the vector fields to the symmetry generators that can already be 
present ind = 7 are those that couple the vector fields 10_i and 5+3 to the symmetry 
generators sl(5)o and IO+4, since all other couplings do involve vector fields or 
symmetry generators that are not yet present in 

Under R"*" x SL(5) the embedding tensor decomposes as 

144, ^ 24+5 © 10+1 © 15+1 © 40+1 © 5_3 © 45_3 © 5_7 . (A.3) 

In table lA.ll we specify which of these irreducible components couple which vector 
fields to which symmetry generators. A box is set around those couplings that could 
already be present in d = 7. The table shows that only the components 15+i and 
40+1 of the embedding tensor are allowed in d = 7, since all other components also 
appear outside the box. Since the 15+i and 40+i do couple the d = 7 vector fields 
10_i to the d = 7 symmetry generators s[(5)o = 24o, they constitute the embedding 
tensor in d = 7, as already stated in table 13.11 of the last section. In addition, the 
40+1 component also couples the 5+3 vector fields to the IO+4 symmetry generators, 
which in (i = 7 is a coupling from the two-form gauge fields to the gauge-symmetry 
of the vector-fields. We did indeed introduce couplings of this kind in the section 
13.21 and found them necessary for gauge invariance. 

vector fields 







1 5 


To 1 




5+3 


ators 


10+4 




24+5 


10 


f 1 © 40+1 


24o 


24+5 


10+1 © 15+1 ©40+1 


5_ 


3 © 45_3 


ner 


lo 




10+1 




5-3 


cu 
bC 














10 4 


10+1 


5_3 © 45_3 




5-7 



Table A.l: The d = 6 couplings of the vector fields to the symmetry generators are 
decomposed under the d = 7 symmetry group SL(5). 

The same argument as we just used to find the d = 7 linear constraint from 
the one in d = 6 can be applied to the other dimensions as well, and the necessary 
decompositions of the embedding tensors are given in table lA.2] to lA.5l for 3 < c? < 7. 
The analogous reduction from d = 3 to d = 2 will be discussed in chapter [71 One 
finds that the vector fields in d dimensions always decompose into the Kaluza-Klein 
vector, vector fields from d+1 dimensions, two-form fields from d+1 dimensions and 

^Of course, the Kaluza Klein vector field and the circle rescalings do exist in rf = 7 as part of the 
metric and of general coordinate transformations, but one could not couple them without breaking 
Lorentz invariance. Note that also couplings from the 10_i vector fields to the IO+4 symmetry 
generators and from the 5+3 vector fields to the sI(5)o symmetry generators would break Lorenz 
invariance in d = 7, but we will find those couplings to be excluded anyway. 
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for d < A also additional vector fields from dualization appear. The decomposition 
of the symmetry generators is always analogous to the d = 6 case we discussed, 
but for d = 3 one has an additional singlet I+2, which is the shift-symmetry of the 
scalar dual to the Kaluza-Klein vector, and via symmetry enhancement also the dual 
generator 1_2 appears. In all cases we have a similar 2x2 box of couplings that 
could already be present in d + 1 dimensions, and one can easily check consistency 
with the linear constraints given in table 13. 11 

Those components in the decomposition of the d dimensional embedding tensors 
that do not originate from the d + 1 dimensional embedding tensor can still have 
a well defined origin in generalized dimensional reduction. For example a Scherk- 
Schwarz reduction is always possible if the theory that is reduced possesses a global 
symmetry Gq, i.e. if all fields, and in particular the scalars V transform in some 
representation of Go |107] . One then chooses a symmetry generator Z = Z"'ta and 
demands all fields to have a particular dependence on the internal coordinate y, 
namely 

|V = ZV, (A.4) 

and similarly for the non-scalar fields. In the lower dimensional theory the Kaluza- 
Klein vector then couples as a gauge field to the symmetry generator Z. Looking at 
the table [Q] to [Q] one finds the component of embedding tensor with the highest 
IV~ charge always to be in the adjoint representation of the d + 1 dimensional sym- 
metry group Gq. It couples the Kaluza-Klein vector field to a symmetry generators 
of Gq. Therefore, this component corresponds to the Scherk-Schwarz generator Z. 
Tables IA.2I to IA.5I also give the remaining gauge couplings that result from this 
reduction. Note that the quadratic constraint on the embedding tensor is satisfied 
automatically if only the Scherk-Schwarz generator Z is switched on. 
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56_ 



vector fields 
133o lo 
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L+2 



L+2 



m 
u 
O 

I 56+1 
<v 

bJO 



133n 



56 
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+2 
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+1 
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+2 
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+2 



56+1 912 



56+1 © 912 



+1 



+1 



loel33o 
©1539o 



56 



+1 



lo©133o 
©1539o 



56, 



56+1 

lo©133o 
©1539o 

56_i 



133r 



56_ 



912 



-1 



56 



-1 



133 



-2 



133_ 



56_ 



133o 56_i©912_i 133_2 
lo 56_i — 



Table A. 2: The d = 3 couplings of tlie vector fields to the symmetry generators are 
decomposed under the d = 4 symmetry group £7(7) . The two components of the embedding 
tensor branch as 1 ^ Iq and 3875 133+2 © 56+i © 912+i © Iq © TSSq © 1539o © 
912_i © 56_i © 133_2 and most of these components appear several times in the table. 
The subscripts indicate the charges under rescalings of the internal circle, i.e. under the 
symmetry generator Iq. Only couplings in the box can originate from d = 4 gaugings. 



vector fields 





1-3 




27_i 


27+1 


1+3 


27+2 






78+3 


27+1 © 351+1 


27_i 


78o 


78+3 


27, 


_i © 351+1 


27_i © 351_i 


78_3 


lo 






27+1 


27_i 




27_2 


27+1 


27_ 


-i©351_i 


78_3 





Table A. 3: Like table \Al2\ but for the d = 4 couplings under the d = 5 symmetry group 
E6(6). The embedding tensor branches as 912 78+3 © 27+i©351+i © 351_i © 27_i © 
78_3. 
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vector fields 
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Table A. 4: Like table but for the d = 5 couplings under the d = 6 symmetry group 
S0(5, 5). The embedding tensor branches as 351 45+4 © 16c,+i © 144+i 120_2 © 

10_2©16,,_5. 
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Table A. 5: Like table [X^ but for the d = 7 couplings under the d = 8 symmetry group 
SL(2) X SL(3). The two components of the embedding tensor branch as 15 (3, l)+6 © 



(2, 3) , , © (1, 6)_4 and 40 ^ (1, 8) 



(2,3) 



+1 
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+1 



i(l,3)_4©(3,3)_4©(2,l) 
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and the two (2,3) components appear in different linear combinations. 
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Gauged half- maximal 
supergravities in = 3 

The general gauged half- maximal supergravity in D = 3 was given in [25l |31] . Here 
we shortly describe the underlying group theory and the tensors that parameterize 
the gauging. We then give the fermion shift matrices and the scalar potential in the 
same form as it was given for the four and five dimensional theories in chapter H] 
and Finally we describe the embedding of the four dimensional gaugings into the 
three dimensional ones. This relation is necessary in order to calculate the four and 
five dimensional scalar potentials from the known three dimensional one. 

B.l General gauging, scalar potential and fermion 
shift matrices 

The global symmetry group of the ungauged theory is G = SO (8, n), where n again 
counts the number of vector multiplets. The vector fields A^^'^^ = A^^^'^^^ transform 
in the adjoint representation of G. Here M, = 1, . . . ,8 + n are S0(8, n) vector 
indices. The general gauging is parameterized by the two real tensors Xmnpq = 
\mnpq] and Xmn = \mn), with rj^'^^XuN = 0, and one real scalar A. Together 
they constitute the embedding tensor 

Qmnpq = Xmnpq + X[p[mVn]q] + XrjpiM Vn]q , 

which enters into the covariant derivative 

D, = d^- A/^^eM^^«tpQ . (B.2) 

Due to the above definition the embedding tensor automatically satisfies the linear 
constraint 

QmNPQ = QpQMN ■ (B-3) 
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In addition it has to satisfy the quadratic constraint 

'S>MNT^'S>PQV^ — QpQT^ QmNV^ = MN[P^ '^Q]VT^ i (B-4) 

which may be written as a constraint on Xmnpq, ^mn and A. 

The scalars of the theory form the coset S0(8, ?t,)/S0(8) x SO(n) and in the 
following we use the same conventions and notations as for the S0(6, ra)/S0(6) x 
SO(n) coset in four dimension, in particular we again have 

Mmn = Va/V^v'^ + VM'"Viv"^ , VMN = Va/V^v" - V^rVN"" , (B.5) 

where now a = 1, . . . ,n and m = 1, . . . , 8. In addition we need the scalar dependent 
object 

MmNPQRSTU = emnopgrstVM™VAr"Vp°VQ^Vij'^V5'"VT'*V[/* . (B-6) 

The scalar potential then takes the form 



+ 192A2 - 24 A XmnM^^^ 



(B.7) 



Although written differently, this is the same potential as given in 

The maximal compact subgroup of G is if = SO (8) x SO(n). All the fermions 
and the fermion shift matrices Ai and A2 transform under H. Let A, A = 1, . . . , 8 
be (conjugate) S0(8) spinor indices. The Gamma-matrices of S0(8) satisfy 

p(m pn) xmnir -pmn — p[m pw] /-p q\ 

^AA^bA-^ ^AB = i^AA^BA- (B.8) 

Then the fermion shift matrices Ai and A2 are defined through the so-called T-tensor 
as follows [25] 

rrABCD 1 rAB-rCD^) m-i ; n-i; o-v ; pr\MN PQ 

~ 16 °P Vn Vp Vq ^ , 

TAB ma ^t^AB-\j o-\ i p-\ i m-\j a/^MN PQ 
= op Vn Vp Vq 'd , 

^AB _ _^rpACBC _|_ ^ABrpCDCD 
^ 3 21 

4AS _ 9^AB _ 2-pC'(yl^B)C ^^ABYCDrpCD m q\ 

^2 ma ~ "la gJ-mn "a mn.-'- na ■ {^■^) 

The quadratic constraint (1B.4I) guarantees that Ai and A2 satisfy 

^AC^BC _ Af^X.'ma = "T^^^^^ ' (B-10) 

with the scalar potential V appearing on the right hand side. 
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B.2 From d = A to d = 3 

Performing a circle reduction of four dimensional = 4 supergravity with n vector 
multiplets yields a three dimensional N = 8 supergravity with n+2 vector multiplets. 
The embedding of the global symmetry groups is given by 

SO(8,n + 2) D SO(2,2) x S0(6,n) D SL(2) x S0(6,n) , (B.ll) 

where the SL(2) is just one of the factors in SO (2, 2) = SL(2) x SL(2). Accordingly 
we split the fundamental representation of S0(8,n + 2) as = where 
a = 1,2 and a; = 1,2. Note that the 80(8,72 + 2) vector index is denoted by M, 
while M is an S0(6,n) vector index. The SO(2,2) metric is given by 

Vxayp = e^yeap , which yields VxayisV^'^ ^'^ = S^l ■ (B.12) 

The SL(2) generators t(^a/3), i{xy) and the S0(2, 2) generators t^ayp = typxa are related 
as follows 

ixay/3 — 2 i^oifstxy ~^ ^xy^a/s) ? (B.13) 

where we use the conventions {tMAf)v^ = ^^Vj\f]v S0(2, 2) generators {A4 = 

xa). The embedding of the D = 4 vector fields into the D = 3 ones is then given by 

where A^^" denotes the corresponding components of the D = 3 vector fields 

= a]^^K Analogous to the reduction from D = 5 to D = 4 described in 
section 15.41 now the covariant derivatives in D = 4 and D = 3 have to agree for 
those terms already present in D = 4, i.e. 

Dfj, D dfj^ — 2A^^^°'&M la'^^tjyp + A^^^^'QmIo^^^'^ ^xytf3-f 

= d^- A/^^OMa^^tTVP - A/'"eAf/^t/3^ • (B.15) 

This yields 

^laMNP = — I faMNP , lax(3 y-y^^^ = ^ ^a{y^/3)M ; ^la M = CaM , (B.16) 

while we demand the other components of X^j^pq and Ajq^^ to vanish and also 
A = 0. However, the antisymmetry of \mnpq symmetry of Aj^-^^ has to be 

imposed, for example 

zaxl3yy = ^M[{za} {xP} {y-f}] ^ ^Mzaxl3yy= \ 8\^xy^a{'y^l3)M ■ (^-17) 

We have thus defined the embedding of the four dimensional gaugings into the three 
dimensional ones. The quadratic constraint (IB. 41) in D = 3 is satisfied iff the D = 4 
quadratic constraint (14.41) is satisfied. The D = 3 scalar potential (IB.7P reduces to 



the D = 4 potential (I4.25P when all D = 3 extra scalars are set to the origin. 
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Appendix C 



The T-tensor of maximal d = 7 
supergravity 

C.l USp(4) invariant tensors 



In this appendix we introduce a number of USp(4) invariant tensors which exphcitly 
describe the projection of USp(4) tensor products onto their irreducible compo- 
nents and derive some relations between them. All of these tensors are constructed 
from the invariant symplectic form Qab and the relations that they satisfy can be 
straightforwardly derived form the properties of Qat- We have used these tensors 
extensively in the course of our calculations, while the final results in the main text 
are formulated explicitly in terms of Qab- 

We label the fundamental representation of USp(4) by indices a, b, . . . running 
from 1 to 4. The lowest bosonic representations of USp(4) have been collected 
in (16.201) built in terms of the fundamental representation. In particular, the 5 
representation is given by an antisymmetric symplectic traceless tensor Vs^"'*', objects 
in the 10 are described by a symmetric tensor Vio''"'''*, etc. 

On the 5 and 10 representation of USp(4) there are nondegenerate symmetric 
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forms given by 



S[ab][cd] 


— —^a[c^dib — 


^^ab^cd 1 




^[ab][cd] 


= {S[ab][cd]Y = 


_Qa[cQd]& _ 


A 




= - l^cd^""' - c - 




^(ab){cd) 


= (5(a6){cd))* = 






S{ab){cd) 


— —^a{c^d)b , 








- '^(c'^d) ■ 







Note that ^["^IM jg the inverse of (5[a6][cd], i-e. 

0[ab][cd\0 — 0[„5] , 

and the same is true for S^"'^^'^"^^ and 5(a&)(c<i)- Furthermore we have 



ac] [bd\ 



{ac){bd) — 2^cd , 



^(bc) _ 



4 

2 " ' 



(ab) 



(C.l) 



(C.2) 



(C.3) 



We use the index pairs (ab) and [ab] as composite indices for the 5 and 10 representa- 
tion; they are raised and lowered using the above metrics and when having several of 
them we use the usual bracket notation for symmetrization and anti-symmetrization. 

The following tensors represent some projections onto the irreducible components 
of particular USp(4) representations: 



T(a6)(cd)(e/) = ^{e{a^b)(c^d)f) , 
'T(ab)[cd][ef] = ^ia[c^d\[e^f]b) : 



[(10® 10) 

asymm. ' ^ 10] , 
[(5 (g) 5)asymm. ^ 10] , 



T[ab](cd)(e/) = ^[a(c^d)(e^f)b] " -^^abS(cd){ef) , [(10 ® 10)symm. 



r{ab)[cd\lef]lgh] ^ T^ab) [[cd\lef]lgh]] , 

where 



[(5 



/ asymm. 



10] , (C.4) 



r{ab)[cd][ef][gh] = ^(a[c^d][e^f][g^h]b) + ^T(ab)[cd][e/]^5fe 



(C.5) 
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The contractions of these r-tensors with Vt yield 



'r(ab)(cd)(e/) = 


3. 

--^(>(ab)(ce) , 








2'^(a6){ce) , 


^^'^^ab)[cd][ef] 


= -^[ac][ef] , 


^'^^ ^ab](cd){ef) = 




^'"^T[ab](cd){ef) 


^A 




1 

-r[cd\iab)(ef) , 


^''\ab)[cd][ef][gh] 


3 

- -^1"(ac)[e/][gh] , 


n'^<^n^^T^ab)[cd][ef][9h] = 


■^0(ab){ce) ■ 




(C.6) 



Note that T(^ab){cd){ef) IS totally antisymmetric in the three index pairs. Since the 10 
is the adjoint representation, the structure constants of USp(4) are T(^ab)(cd)^^'^^ ■ The 
USp(4) generators in the 5 representation are T(^ab)[cd]^'^'^^ and satisfy the algebra 

r(ab)[ef]^^^^ncd)[gh]^'^^ - ncd)[ef]^'^^^nab)[gh]^'^^ = r(ab){cd)^^^^ ngh)[ef]^'^^ ■ (C.7) 

As defined above, T(^ab)[cd][ef] describes the mapping (5 ® 5)asymm. ^ 10. However 
since (5 CS> 5)asymm. = 10 this must be a bijection. Indeed one finds 

X{ab) = V2 r(afc) t'"^"''-^' ^[cd][ef] = ^'"^ [ac] [M] ^ ^M][e/] = ^2 t'^'"*^ [cd] [e/] ^^{afe) , 

(C.8) 

for tensors X(^ab) and a;[ac][M] = -X[bd\iac]- When regarding (5 (g) 5)asymm. as the ad- 
joint representation of SO (5), formula ( 1C.8I) describes the isomorphism between the 
algebras of USp(4) and SO (5). Some other useful relations in this context are 

nab)lcd][ef] r^^'^hg^lij] = -S[cd] ll9h]S[^j]] [ef] , Q^'^ [[a6]'^M] = ^('^c)[e/] • (C.9) 

The last equation states that under the bijection ( jC.81) the generators of the SO (5) 
vector representatioiil] yield T(^ab)[cd]^^'^^ ■ 

Also the five-dimensional e-tensor can be expressed in terms of Qab- A useful 
relation is 

e["''"^'l[^^l[^'"^^V[,,][e/]Z/Wfoi = 4r[«''](^'^)(^^)x(,,)y(e/) , (C.IO) 
where x and y in the (5 ® 5)asymm. = 10 representation are related by (IC.Sp . 

There is no singlet in the product of three SO (5) vectors and thus no invariant 
tensor of the form T[a6] [cd] [e/] • This gives rise to the identity 

= 6^^Qd][eS'f^ - traces 

= 5[:^^d][e5'i + l^^'vicdM] + l^cdS^'f] + ^^e/5[S{ + ^n^^kinmn • (C.ll) 

^ When denoting SO (5) vector indices by M, N_, . . . , the SO (5) generators in the vector 
representation are given by t uN .p— = ^p\m_^^] ■ 
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Using this equation one finds 

for tensors Xiab], /^[a6] in the 5 representation. 

C.2 T-tensor and quadratic constraints 

In terms of the tensors (lC.4p defined in the previous section the decomposition of 
the T-tensor of c? = 7 maximal supergravity into its USp(4) irreducible components 
can be stated in the systematic form 

7'(a6)[cd]'^'^^ = V2 ^l^'' X[ag][bh][cd]^'''^^ 

(C.13) 

from which f l6.38p is recovered with the exphcit definitions of ( ]C.4I) . Similarly, the 
variation of the scalar potential under 5s Vm"* = ^"'^cd "^hf^ takes the more concise 
form 

(C.14) 

from which f l6.64p is deduced. 

The quadratic constraint (16.41) on the components Ymn and Z^^^'^ of the em- 
bedding tensor 9 translates under the USp(4) split into quadratic constraints on 
the components S, B"''^cd, C""^ and C^^cd of the T-tensor. These constraints prove 
essential when checking the algebra of the supersymmetry transformation f l6.54p and 
the invariance of the Lagrangian fl6.6ip under these transformations. According to 
(16. 8p the quadratic constraint on 9 decomposes into a 5, a 45 and a 70 under SL(5) 
which under USp(4) branch as 

5^5, 45^ 10 35, 70^5© 30 ©35, (C.15) 

In closed form, these constraints have been given in fl6.44p . The check of supersym- 
metry of the Lagrangian however needs the explicit expansion of these equations in 
terms of B and C. The two 5 parts and the 10 part read 

^BC^ab] _ B^-'\,,p-''^ - AB^'^\,ap"'\gh)r^''''^^'''\^,] = , 

r[e,]("')(^")5[^"][e/]C[^-^l(g,) = 0, (C.16) 



138 



APPENDIX C. THE T-TENSOR OF MAXIMAL D = 7 SUPERGRAVITY 



respectively. In particular, a proper linear combination of the first two equations 
yields the quadratic relation fl6.62p cited in the main text. The two 35 parts of the 
quadratic constraint are 

(C.17) 

where the projector P35 is defined by 

1^35 (cd)) — \ 0[e/]0(c^) r(crf) r [ef][ij] {cd){t])r[ef] j ^ (gh) 

(CIS 



Note that also the first equation of (1C.17P has to be projected with P35 in order to 
reduce it to a single irreducible part. However this equation is satisfied also without 
the projection, since it contains the above 10 and one of the 5 constraints as wellll 
Finally the 30 component of the quadratic constraint is obtained by completely 
symmetrizing fl6.44p in the three free index pairs, i.e. 



^ Indeed this first equation of (IC.17P is equivalent to (|6.43p . 
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